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In this paper we propose a systematic construction of mirrors of nonabelian two di-
mensional (2,2) supersymmetric gauge theories. Specifically, we propose a construction of
B-twisted Landau-Ginzburg orbifolds whose correlation functions match those of A-twisted
supersymmetric gauge theories, and whose critical loci reproduce quantum cohomology and
Coulomb branch relations in A-twisted gauge theories, generalizing the Hori-Vafa mirror con-
struction. We check this proposal in a wide variety of examples. For instance, we construct
mirrors corresponding to Grassmannians and two-step flag manifolds, as well as complete
intersections therein, and explicitly check predictions for correlation functions and quantum
cohomology rings, as well as other properties. We also consider mirrors to examples of gauge
theories with U(k), U(k1) × U(k2), SU(k), SO(2k), SO(2k + 1), and Sp(2k) gauge groups
and a variety of matter representations, and compare to results in the literature for the origi-
nal two dimensional gauge theories. Finally, we perform consistency checks of conjectures of
Aharony et al that a two dimensional (2,2) supersymmetric pure SU(k) gauge theory flows
to a theory of k − 1 free twisted chiral multiplets, and also consider the analogous question
in pure SO(3) theories. For one discrete theta angle, the SO(3) theory behaves the same
as the SU(2) theory; for the other, supersymmetry is broken. We also perform consistency
checks of analogous statements in pure supersymmetric SO and Sp gauge theories in two
dimensions.
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1 Introduction
Mirror symmetry has had a long and influential history in string theory, leading for example
to some of the original computations of Gromov-Witten invariants, and has led to several
generalizations such as homological mirror symmetry and (0,2) mirror symmetry. One of the
unsolved problems of the original mirror symmetry program was to systematically under-
stand mirrors for theories constructed as nonabelian (2,2) supersymmetric gauge theories in
two dimensions. In this paper we propose a possible construction of such nonabelian mirrors,
generalizing the results of [1, 2]. (That said, we only claim to have a proposal for a mirror
construction; we do not claim to have a proof of that proposal.)
The word ‘mirror’ is sometimes used to mean a variety of things, so let us take a moment
to clarify what we will mean in this paper, beginning with A-twisted gauge theories. From
[3][section 3,6], in an A-twisted two-dimensional (2,2) supersymmetric gauge theory, there
are (at least) two classes of BRST-closed observables:
• adjoint-valued scalars σ, the scalars in the (2,2) vector multiplet,
• gauge-equivariantly-closed differential forms.
The former are typically most useful on semiclassical Coulomb branches, the latter on semi-
classical Higgs branches. That said, in phases that RG flow to nonlinear sigma models on
geometries, the σ’s are expected to flow to elements of H1,1 (or rather the images of the
restriction of elements of H1,1 of an ambient space), and so one expects some sort of connec-
tion to equivariantly-closed differential forms, a relation which is encoded in the equations
of motion [4][equ’n (4.26)].
Given an A-twisted (2,2) supersymmetric theory, our proposal gives a B-twisted Landau-
Ginzburg orbifold which should have the same correlation functions and Coulomb branch
relations as the A-twisted theory. The scalars σ appear explicitly in our construction, just
as they did in [1]. In the case of gauge theories corresponding to geometries such as Grass-
mannians and flag manifolds, this means that the mirror will correctly encapsulate the
quantum cohomology relations. In addition to mirrors of theories with some sort of geomet-
ric interpretation, our construction is also defined for more general two-dimensional (2,2)
supersymmetric gauge theories, which we will illustrate in examples with a variety of gauge
groups and matter content.
We will show explicitly that our proposal satisfies a wide variety of consistency tests, re-
producing quantum cohomology/Coulomb branch relations, correlation functions, and even
the Coulomb branch excluded loci, all from algebraic computations in the (classical) B model
mirror, in numerous examples. All that said, there is an important subtlety: the proposed
mirror Landau-Ginzburg theories typically will have poles in their superpotentials, corre-
sponding to nonabelian symmetry enhancements in the A-twisted gauge theories. (Other
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two-dimensional (2,2) supersymmetric theories with superpotentials containing poles have
also recently been discussed in [5,6], in describing the generalized CICY constructions of [7].
See also [8] for an example of a two-dimensional Landau-Ginzburg model with a superpoten-
tial with a pole, in a different context, and [9][section 6.1] for a three-dimensional theory with
a superpotential with a pole.) We will argue that the locations of the poles, which match
excluded loci in A model computations, are dynamically excluded in the B model, so that
they do not impede understanding the essentially classical physics of our B model topological
field theory computations. In any event, as our computations are extremely successful at
reproducing known A-twisted gauge theory results, we leave a more complete understanding
of the corresponding physical untwisted quantum field theory to future work.
We begin in section 2 by describing the proposal for nonabelian mirrors. Briefly, the
basic idea is that we construct the mirror to the nonabelian gauge theory by taking the
mirror to a corresponding abelian gauge theory, consisting of a Weyl-group orbifold of a
U(1)r gauge theory where r is the rank of the original gauge group, with the same matter
as the original gauge theory (decomposed into U(1)r representations), together with some
additional superfields with the same indices as the W bosons of the original theory. In
section 3, we describe some of the motivations for this proposal, we suggest a possible idea
for a proof, and finally we argue that in the B model, correlation functions of this proposed
mirror will match A model computations in general.
In the rest of the paper, we check the resulting proposal in a variety of examples. In
section 4, we apply these methods to construct the mirror of (the GLSM for) a Grassmannian
G(k, n). In gauge theoretic terms, this is a U(k) gauge theory with n chiral superfields
in the fundamental representation. We check the number of vacua, predicted Coulomb
branch relations and quantum cohomology ring, and correlation functions in the case of
G(2, n), and verify that all of these match those of the original gauge theory. We also
discuss how the mathematical relation G(k, n) ∼= G(n−k, n) is realized as a two-dimensional
Seiberg duality in the mirror, and explicitly compare our mirror to proposed structures of
Eguchi-Hori-Xiong [10], Rietsch [11–13], Hori-Vafa [1], and Gomis-Lee [14]. In section 5 we
perform analogous checks of mirror proposed here for a two-step flag manifold F (k1, k2, n),
corresponding to a U(k1) × U(k2) gauge theory, comparing the predicted Coulomb branch
relations (quantum cohomology ring) to that obtained in the original A-twisted GLSM.
In section 6 we perform analogous computations in a U(k) gauge theory with matter
in fundamental representations as well as a superfield in the adjoint representation. In
section 7 we perform analogous computations in a U(k) gauge theory with matter in fun-
damental representations as well as an m-symmetric-tensor representation. In section 8 we
perform analogous computations and comparisons in an SU(k) gauge theory with matter in
the fundamental representation as well as twisted masses, checking against results for such
theories in [15][section 3]. In section 9 we perform analogous computations and comparisons
for the proposed mirror of an SO(2k) gauge theory with matter in vector representations and
with twisted masses, checking against results for such A-twisted gauge theories in [16][section
6
4]. In section 10 we perform analogous computations and comparisons in our proposed mir-
ror to an SO(2k + 1) gauge theory with matter in vector representations and with twisted
masses, checking against results for such A-twisted gauge theories in [16][section 4]. The
results for this case are very similar to those of the SO(2k) gauge theories above, but there
are a few new quirks, such as the fact that the last component of each vector is decoupled,
and we see the appropriate corresponding structure in the mirror. In section 11 we perform
analogous computations and comparisons in our proposed mirror to an Sp(2k) = USp(2k)
gauge theory with matter in fundamental representations and with twisted masses, checking
against results for such A-twisted gauge theoeires in [16][section 5].
In section 12, we analyze mirrors to pure SU(k) gauge theories. It was proposed in [17]
that these theories flow to theories of k − 1 free twisted chiral superfields, and we recover
that result from the mirror (at least to the extent possible in topological field theory compu-
tations). We also examine the same behavior in SO(3) theories, and discover that the result
depends upon the value of the discrete theta angle. For one discrete theta angle, the result
is the same as for SU(2); for the other, our mirror has no critical loci, no supersymmetric
vacua, which we interpret as supersymmetry breaking in the A-twisted gauge theory. The
SU(2) and SO(3) results also interrelate via nonabelian decomposition [18], which says that
an SU(2) gauge theory with center-invariant matter should decompose into a disjoint union
of SO(3) theories with the same matter and varying discrete theta angles, which we discuss.
In section 13, we perform the analogous computations for pure supersymmetric SO and Sp
gauge theories in two dimensions. Our TFT computations are consistent with an analogous
conjecture – that for the right discrete theta angle, the theories flow in the IR to a theory
of free twisted chiral superfields, as many as the rank of the gauge group. That said, in our
TFT computations we do not check, for example, metrics, so we only state conjectures and
do not claim proofs of physical results for these theories, merely consistency checks of some
aspects.
To this point, we have primarily considered mirrors of theories with vanishing superpo-
tential. In section 14, we compute the mirror of a theory with a superpotential, a U(k)
gauge theory corresponding to the GLSM for the Calabi-Yau hypersurface G(2, 4)[4]. This
is primarily an exercise in manipulating fields with nonzero R symmetries. We compare to
results in e.g. [15]. We also consider the case of mirrors to complete intersection Calabi-Yau’s
in G(k, n), and compare to results for correlation functions in [19][section 8].
Regarding mirror geometries, to be clear, the proposal in this paper yields a B-twisted
Landau-Ginzburg model that captures correlation functions of the original A model, but
we do not know if that same Landau-Ginzburg model also correlates to mirror geometries.
In the examples discussed above, we are not aware of any birational transformations from
known mirror geometries to some with GLSMs in which our proposal appears as a phase,
possibly with some fields integrated out, but neither can we exclude the possibility. We do
briefly discuss possible connections to geometry in section 14.3, and in particular describe
a central charge computation there that is consistent with an interpretation of a geometric
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mirror. We leave any further connection, if one exists, between the Landau-Ginzburg models
here and mirror geometries to future work.
In appendix A, we explicitly describe Eguchi-Hori-Xiong’s and Rietsch’s proposed mirrors
to Grassmannians, which we compare to the results of our proposal in section 4.9. Finally,
in appendix B, we provide some technical notes on mirrors to fields with nonzero R charges.
Although much of this paper is spent justifying our proposal by checking its predictions
against known results, we do in addition use it to make some new predictions, such as, for
one example, for excluded loci and Coulomb branch (quantum cohomology) relations for
gauge theories with symmetric tensor matter. Perhaps the most interesting new results are
in sections 12 and 13, where we refine predictions for IR behavior of pure two-dimensional
supersymmetric SU theories and extend those predictions to pure SO and Sp theories.
Finally, we should emphasize to the reader that we are proposing a construction of a
mirror topological Landau-Ginzburg model. Although it is our hope that this construction
can be understood as a topological twist of a duality of physical theories, we have not
performed any checks beyond topological field theories, and in fact, as we do not specify a
Ka¨hler potential, we have not given sufficient data to specify untwisted theories. It would
certainly be interesting to pursue such a direction. One starting point would be to compute
and compare hemisphere partition functions, which may be an efficient means to check for
possible physical dualities. Again, our primary intent in this paper is merely to propose a
duality of topological field theories, and we leave questions of physical dualities for future
work.
2 Proposal
Consider an A-twisted (2,2) GLSM with gauge group G (of dimension n and rank r) and
matter in some representation R (of dimension N). For simplicity, in this paper we will
assume G is connected. For the moment, we will assume that the A-twisted gauge theory
has no superpotential, and we will consider generalizations later in this section. We propose
that the mirror is an orbifold of a Landau-Ginzburg model. We will describe the Landau-
Ginzburg model first, then the orbifold. The Landau-Ginzburg model has the following
matter fields:
• r (twisted) chiral superfields σa, corresponding to a choice of Cartan subalgebra of the
Lie algebra of G,
• N (twisted) chiral superfields Yi, each of imaginary periodicity 2πi as in [1][section
3.1], which we will discuss further in a few paragraphs,
• n− r (twisted) chiral superfields Xµ˜,
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with superpotential1
W =
r∑
a=1
σa
(
N∑
i=1
ρai Yi −
n−r∑
µ˜=1
αaµ˜ lnXµ˜ − ta
)
+
N∑
i=1
exp (−Yi) +
n−r∑
µ˜=1
Xµ˜, (2.1)
where the ρai are the weight vectors for the representation R, and the α
a
µ˜ are root vectors for
the Lie algebra of G. (We will sometimes write2 Xµ˜ in terms of Zµ˜ = − lnXµ˜ for convenience,
but Xµ˜ is the fundamental
3 field.) (In passing, in later sections, we will slightly modify our
index notation: i will be broken into flavor and color components, and µ˜ will more explicitly
reflect the adjoint representation, in the form of µ˜ 7→ µν, for µ, ν ranging over the same
values as a.. However, for the moment, this convention is very efficient for outlining the
proposal.) For reasons we will discuss in section 4.2, we believe that the loci {Xµ˜ = 0} are
dynamically excluded by e.g. diverging potentials. (This will lead to an algebraic derivation
of the excluded locus in A model Coulomb branch computations.) Finally, for reasons of
brevity, we will often omit the term ‘twisted’ when describing the σ, Y , and X superfields;
the reader should add it as needed from context.
Strictly speaking, the σa should be understood as curvatures of vector multiplets of the
original A-twisted gauge theory: σa ∝ D+D−Va for vector multiplets Va, just as in [1]. This
means the σ terms in the superpotential above encode theta angle terms such as θFzz, which
tie into periodicities of the Y fields (to which we will return next). The reader should also note
that our notation is slightly nonstandard: whereas other papers use Σ, we use σ to denote
both the twisted chiral superfield (the curvature of V ) as well as the lowest component of
the superfield. (As these σ’s often occur inside and next to summation symbols, we feel our
slightly nonstandard notation will improve readability.) In the limit that the gauge coupling
1 If we want to be careful about QFT scales, the second line should be written
N∑
i=1
µ exp (−Yi) +
n−r∑
µ˜=1
µXµ˜,
where µ is a pertinent mass scale.
2 Taking into account QFT mass scales, Zµ˜ = − ln (µXµ˜).
3 We use the term ‘fundamental field’ to implicitly indicate the form of the path integral integration
measure. In the present case, in the B model, the integration measure (over constant zero modes) has the
form ∫ (∏
a
d2σa
)(∏
i
d2Yi
)∏
µ˜
d2Xµ˜

 .
Later in this section when we discuss mirrors to fields with R-charges, we will say that different fields are
‘fundamental’, for example, for a mirror to a field of R-charge two, the fundamental field would be exp(−Y ).
In such a case, instead of d2Y , one would have d2 exp(−Y ).
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of the original theory becomes infinite, the σa become Lagrange multipliers, from the form
of the kinetic terms [1][equ’n (3.69)]. As a result, we will often speak of integrating them
out. (On occasion, we will utilize the fact that we are in a TFT to integrate out other fields
as well.)
We have not carefully specified to which two-dimensional (2,2) supersymmetric theories
the ansatz above should apply. Certainly we feel it should apply to theories with isolated
vacua and theories describing compact CFTs, and we have checked numerous examples of
this form. In addition, later we will also see it reproduces results for non-regular theories (in
the sense of [16]), as well as results for theories that flow to free twisted chiral multiplets. In
any event, as we have not provided a proof of the ansatz above, we can not completely nail
down a range of validity.
To clarify the Y periodicities,
Yi ∼ Yi + 2πi,
so that the Y ’s take values in a torus of the form CdimR/2πiZ, and the superpotential terms
exp(−Yi) are well-defined. Then, schematically, the contraction ρY has periodicity 2πiM
for M the weight lattice. For abelian cases, this is merely the usual affine shift by 2πi
that appeared in [1], independently for each Y , but may be a little more complicated in
nonabelian cases. Furthermore, in our conventions, the weight lattice is normalized so that
the theta angle periodicities of the original gauge theory are of the form 2πM , since phases
picked up by ρY are absorbed into theta angles. Finally, note that in the first line of the
superpotential above, the log branch cut ambiguity effective generates shifts of weight lattice
periodicities by roots.
So far we have described the Landau-Ginzburg model. The proposed mirror is an orbifold
of the theory above, by the Weyl group W , acting on the σa, Yi, and Xµ. (The action can
be essentially inferred from the quantum numbers, and we will describe it in explicit detail
in examples.)
The superpotential above, written in terms of root and weight vectors, is invariant under
this Weyl group action simply because the Weyl group permutes root vectors into other root
vectors and weight vectors into other weight vectors for any finite-dimensional representation,
see e.g. [20][chapter VIII.1], [21][chapter 14.1]. As a result, the Weyl group maps Zµ˜’s to
other Zµ˜’s, and Yi’s to other Yi’s, consistently with changes in ρ
a
i and α
a
µ˜. Furthermore, we
take each Weyl group reflection to also act in the same way on the σ’s as on the root and
weight lattices, so that the combinations∑
a
σaα
a
µ˜,
∑
a
σaρ
a
i
are permuted at the same time and in the same way as the Xµ˜ and Yi. This guarantees
that the superpotential remains invariant under the Weyl group, a fact we shall also check
explicitly in examples.
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In practice, in the examples in this paper, the Weyl group will act by permutations and
sign flips, and so it will be straightforward to check that, so long as the σ’s are also permuted
and sign-flipped, the superpotential is invariant. In addition, in some of the examples we
shall compute, we shall also see alternate representations of the superpotential above, in
which the σa terms above involve nontrivial matrix multiplications, rather than just root
and weight vectors. In such cases, we will check explicitly that the superpotential is again
invariant under the Weyl group action.
We require the mirror Landau-Ginzburg model admit a B twist, which constrains the
orbifold. After all, to define the B twist in a closed string theory, the orbifold must be such
that the square of the holomorphic top-form is invariant [22]. (It is sometimes said that the
B model is only defined for Calabi-Yau’s, but as discussed in [22], the Calabi-Yau condition
for existence of the closed string B model can be slightly weakened.) In the present case,
each element of the Weyl group acts by exchanging some of the fields, possibly with signs.
Under such (signed) interchanges, a holomorphic top-form will change by at most a sign;
a square of the holomorphic top-form will be invariant. Therefore, this Weyl orbifold will
always be compatible with the B twist.
In our proposal, we have deliberately not specified the Ka¨hler potential. As we are work-
ing with topologically-twisted theories, and the space of σs, Y s, and Xs is topologically
trivial, the Ka¨hler potential is essentially irrelevant. One suspects that in a physical, un-
twisted, nonabelian mirror, the Ka¨hler potential terms would reflect nonabelian T-duality,
just as the kinetic terms in the Hori-Vafa proposal [1] reflected abelian duality. We do briefly
outline an idea of how one might go about proving this proposal in section 3.2, and in that
section, we make a few tentative suggestions for a possible form of the Ka¨hler potential. It
would be interesting to pursue this in future work.
Our proposal only refers to the Lie algebra of the A model gauge theory, not the gauge
group. Different gauge groups with the same Lie algebra can encode different nonperturbative
physics, see e.g. [18,23–26]. Here, we conjecture that the different Lie groups with the same
Lie algebra (and matter content) are described in the mirror by rescalings of the mirror roots
αaµ˜ and matter weights ρ
a
i . Integrating out the σ’s would then result in gerbe structures as
discussed in analogous abelian cases in [24]. (See e.g. [27][section 4.5] for related observations
in other theories.) We will study this matter to a limited extent later in section 12, but aside
from that will leave such considerations for future work.
By computing the critical locus along Y ’s and Z’s, we also find the operator mirror map,
in the sense of [28]:
exp(−Yi) =
r∑
a=1
σaρ
a
i , (2.2)
Xµ˜ =
r∑
a=1
σaα
a
µ˜. (2.3)
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We interpret the right-hand side as defining A model Coulomb branch operators, which this
map shows us how to relate to B model operators.
In principle, to make the ansatz above useful for general cases, one would like to be
able to evaluate Landau-Ginzburg correlation functions on general orbifolds. Many Landau-
Ginzburg computations are known, especially massless spectrum computations in conformal
models [29–31], and more recently [32], but correlation function computations on orbifolds are
not, to our knowledge, understood in complete generality. On the other hand, in many simple
cases we can get by with less. In particular, in the examples in this paper, the critical points
of the superpotential are not located at orbifold fixed points. (This is essentially because
of the assumption that Xµ˜ 6= 0 mentioned earlier. One of the effects of this assumption is
to make the superpotential well-defined – although it has poles where any Xµ˜ vanishes, it
becomes ill-defined when multiple Xµ˜ vanish, an issue which we will return to in section 4.6,
where we will discuss this as a regularization issue. In any event, since the Weyl group will
interchange the σa, the orbifold fixed-point locus will lie where some Xµ˜ vanish. This also
corresponds to one of the conditions for Bethe vacua, discussed in e.g. [33][section 2.1].)
Rescaling the worldsheet metric in the B-twisted theory, one quickly finds that the bosonic
contribution to the path integral is of the form [34][section 2.2], [35]
lim
λ→∞
∫
X
dφ exp
(
−
∑
i
|λ∂iW |
2
)
,
and so vanishes unless the critical locus intersects the fixed-point locus. As a result, since
in this paper we are computing e.g. correlation functions of untwisted operators on genus
zero worldsheets, we are able to consistently omit contributions from twisted sectors in the
computations presented here.
As a consistency check, let us specialize to the case that G = U(1)r. In this case, there
is no Weyl orbifold, there are no fields Xµ˜, and the mirror is defined by the fields σa and Yi
with superpotential
W =
r∑
a=1
σa
(
N∑
i=1
Qai Yi − ta
)
+
N∑
i=1
exp (−Yi) ,
since the weight vectors ρai reduce to the charge matrix Q
a
i . This is precisely the mirror of
an abelian GLSM discussed in [1], as expected.
Let us now return to the nonabelian theory. If the fields φi of the original A model
have twisted masses m˜i, then the mirror proposal is the same orbifold but with a different
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superpotential, given by
W =
r∑
a=1
σa
(
N∑
i=1
ρai Yi +
n−r∑
µ˜=1
αaµ˜Zµ˜ − ta
)
−
N∑
i=1
m˜i
(
Yi −
∑
a
ρai ta
)
+
N∑
i=1
exp (−Yi) +
n−r∑
µ˜=1
Xµ˜. (2.4)
Computing the critical locus along the Y ’s and X ’s yields the operator mirror map
including twisted masses and R-charges:
exp(−Yi) = −m˜i +
r∑
a=1
σaρ
a
i , (2.5)
Xµ˜ =
r∑
a=1
σaα
a
µ˜. (2.6)
We can also formally derive quantum cohomology relations in a similar fashion. The
critical locus for σa is
N∑
i=1
ρai Yi +
n−r∑
µ˜=1
αaµ˜Zµ˜ = ta, (2.7)
and exponentiating gives [∏
i
(exp(−Yi))
ρai
][∏
µ˜
(Xµ˜)
αa
µ˜
]
= qa. (2.8)
Applying the operator mirror map equations above, this becomes
∏
i
(∑
b
σbρ
b
i − m˜i
)ρai

∏
µ˜
(∑
b
σbα
b
µ˜
)αaµ˜ = qa. (2.9)
In practice, we will see later in section 3.3 that
∏
µ˜
(∑
b
σbα
b
µ˜
)αaµ˜
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is a σ-independent constant matching that discussed in [36][setion 10], so we can write the
quantum cohomology relations as either
∏
i
(∑
b
σbρ
b
i − m˜i
)ρai
= q˜a, (2.10)
or equivalently in the mirror ∏
i
exp (−ρai Yi) = q˜a, (2.11)
where q˜a differs from qa by the constant discussed above.
As written above, our proposal is for the mirror to an A-twisted gauge theory with no
superpotential. Let us now consider the case that the A-twisted theory has a superpotential.
In this case, one must specify nonzero R charges for the fields, so that the superpotential
has R charge two. Furthermore, in order for the A twist to exist, those R charges must be
integral (see e.g. [34], [36][section 3.4], [37][section 2.1]). (Technically, on Riemann surfaces
of nonzero genus, this requirement can be slightly relaxed, but in order to have results valid
for all genera, we will assume the most restrictive form, namely the genus zero result that R
charges are integral.)
Given an A-twisted gauge theory with superpotential and suitable R charges, we can
now define the mirror. Both the A-twisted theory and its mirror will be independent of
the details of the (A model) superpotential (which is BRST exact in the A model, see
e.g. [34][section 3.1]), though not independent of the R charges of the fields. Our proposal is
that the B-twisted mirror has exactly the same form as discussed above – same number of
fields, same mirror superpotential – but with one minor quirk, that the choice of fundamental
field changes. Specifically, if a field φi of the A model has nonzero R-charge ri, then the
fundamental field in the mirror is
Xi ≡ exp(−(ri/2)Yi),
and in the expressions above, we take Yi to mean
Yi = −
2
ri
lnXi.
(We will outline the reason for this identification in appendix B). Furthermore, in this case,
ultimately because of the periodicity of Yi, the mirror theory with field Xi has a cyclic
orbifold of order 2/ri (which we assume to be an integer), for the same reasons as discussed
elsewhere in Hori-Vafa [1] mirrors. (Of course, if the original field has ri = 0, then there is no
change in fundamental field, and so no orbifold in the mirror.) The reader should also note
that field redefinitions in the mirror may introduce additional orbifolds, which is essentially
what happens in the Hori-Vafa mirror to the quintic, for example.
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Note that for the A-twisted theory to exist, every ri must be an integer, and for the
orbifold in the B model mirror to be well-defined, we must require 2/ri (for nonzero ri) to
also be an integer. Also taking into account a positivity condition discussed in [36][section
3.4], this means we are effectively restricted to the choices ri ∈ {0, 1, 2} in our proposal. If a
gauge theory has a superpotential that is incompatible with such choices of R charges, then
either the A twist does not exist or our proposed mirror does not apply.
In principle, in the language of the dictionary above, mirrors to the W bosons act like
mirrors to fields of R charge two, and are the fields Xµ˜ rather than the Zµ˜. Also, since
2/2 = 1, there is no orbifold (beyond the Weyl group orbifold) associated with the Xµ˜
specifically.
Finally, we should mention that the axial R symmetry of the A model theory appears
here following the same pattern as in [1][equ’n (3.30)]. Specifically, under Raxial,
Yi 7→ Yi − 2iα, (2.12)
and
Xµ˜ 7→ Xµ˜ exp (+2iα) , (2.13)
so that for example the superpotential terms∑
i
exp (−Yi) +
∑
µ˜
Xµ˜
have charge 2, as one would expect. In that vein, note that
exp (−(ri/2)Yi) 7→ exp (−(ri/2)Yi) exp (+iriα) , (2.14)
as one would expect for a field of R charge ri. Similarly, the effect of the R charge on the σ
terms is to generate a term
(−2iα)
∑
a
σa
(∑
i
ρai +
∑
µ˜
αaµ˜
)
= (−2iα)
∑
a
σa
(∑
i
ρai
)
(2.15)
(since the sum over αaµ˜ will vanish), reflecting the fact that if the A model theory has an
axial anomaly, then an Raxial rotation will shift theta angles.
3 Justification for the proposal
The bulk of this paper will be spent checking examples, which to our minds will be the
best verification of the proposal, but before working through those examples, we wanted to
briefly describe the origin of some of the details of the proposal above, as well as perform
some consistency tests, such as a general comparison of correlation functions.
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3.1 General remarks
At least for the authors, one of the motivations for this work was to find a UV realization of
factors of the form ∏
a<b
(σa − σb)
appearing in integration measures, such as the Hori-Vafa conjecture for nonabelian mirrors in
[1][appendix A], and later in expressions for supersymmetric partition functions of nonabelian
gauge theories in [38,39]. Later, [14] studied S2 partition functions of Hori-Vafa mirrors, and
in section 4 of that paper, applied the same methods to predict the form of partition functions
of the mirror of a U(k) gauge theory (with k > 1) corresponding to a Grassmannian, where
again they found factors in the integration measure of the same form (albeit squared4), a
result we will duplicate later.
We reproduce such factors via the fields Xµ˜, the mirrors to the W bosons. The basic
idea originates in an observation in [40][section 2], which relates the partition function of
a nonabelian theory to that of an associated ‘Cartan theory,’ an abelian gauge theory in
which the nonabelian gauge group is replaced by its Cartan torus, and in addition to the
chiral multiplets of the nonabelian theory, one adds an additional set of chiral multiplets of
R charge two corresponding to the nonzero roots of the Lie algebra. It is briefly argued that
the S2 partition function of the original nonabelian theory matches the S2 partition function
of the associated Cartan theory. In effect, we are taking this observation a step further,
by dualizing the associated Cartan theory in the sense of [1] to construct this proposal for
nonabelian mirrors.
We take the Weyl orbifold to get the right moduli space: the Coulomb branch moduli
space is not quite just the moduli space of a U(1)r gauge theory, as one should also identify
σ fields related by the Weyl group. Note the Weyl group does not survive the adjoint
Higgsing; instead, we taking the orbifold so as to reproduce the correct Coulomb branch.
This is analogous5 to the c = 1 boson at self-dual radius: as one moves away from the self-
dual point, the SU(2) is broken to U(1) on both sides, and the Weyl orbifold allows one to
forget about radii that are smaller, since they are all Weyl equivalent to larger radii. Another
example is the construction of the u plane in four-dimensional N = 2 Seiberg-Witten theory.
In the present case, we will see for example in the case of Grassmannians that to get the
correct number of vacua, one has to quotient by the Weyl group.
4 In open string computations, one gets factors of
∏
a<b(σa− σb), whereas in closed string computations,
one typically gets factors of
∏
a<b(σa−σb)
2. As this paper is focused on closed string computations, we will
see the latter.
5 We would like to thank I. Melnikov for providing this analogy.
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3.2 Suggestions of a route towards a proof
We do not claim to have a rigorous proof of the proposal of this paper, but there is a simple
idea for a proof. Given a (2,2) supersymmetric GLSM, imagine moving to a generic point on
the Coulomb branch, described by a Weyl-group orbifold of an abelian gauge theory, with
gauge group equal to the Cartan of the original theory. Now, apply abelian duality to this
abelian gauge theory6. One will T-dualize the original matter fields (which become the Yi)
as well as the W bosons (which become the Xµν).
For later purposes, it will be instructive to fill in a few steps. That said, we emphasize
that we are not claiming we have a rigorous demonstration. Our goal here is merely to
suggest a program, and to investigate the form of a possible Ka¨hler potential to justify
certain plausibility arguments elsewhere.
For ordinary matter fields Φ, of charge ρa under the ath U(1), T-duality in this context
[1, 2] says that the field should be described by an ‘intermediate’ Lagrangian density of the
form [1][equ’n (3.9)]
LΦ =
∫
d4θ
(
exp
(
2
∑
a
ρaVa + B
)
−
1
2
(
Y + Y
)
B
)
. (3.1)
Reviewing the analysis of [1][section 3.1], if one integrates over Y , one gets constraints
D+D−B = 0 = D+D−B, (3.2)
which are solved by taking
B = Ψ + Ψ. (3.3)
Plugging back in, one finds
LΦ =
∫
d4θ exp
(
2
∑
a
ρaVa + Ψ + Ψ
)
=
∫
d4θΦexp
(
2
∑
a
ρaVa
)
Φ, (3.4)
the original Lagrangian, for Φ = exp(Ψ).
If one instead integrates over B first, then one recovers the dual theory, as follows.
Integrating out B first yields
B = −2
∑
a
ρaVa + ln
(
Y + Y
2
)
, (3.5)
6 In other words, to any nonabelian gauge theory we can associate a toric variety or stack, defined by
matter fields plus W bosons at a generic point on the Coulomb branch. Our proposal seems consistent with
abelian duality for that toric variety.
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and plugging this in we find
LΦ =
∫
d4θ
(
Y + Y
2
+
(
Y + Y
)∑
a
ρaVa −
1
2
(
Y + Y
)
ln
(
Y + Y
2
))
, (3.6)
=
∫
d4θ
((
Y + Y
)∑
a
ρaVa −
(
Y + Y
2
)
ln
(
Y + Y
2
))
. (3.7)
Since Y is a twisted chiral superfield, the first term can be written
∫
d4θ
(
Y
∑
a
ρaVa
)
=
∫
d2θ
∑
a
σaρ
aY, (3.8)
where σa = D+D−Va, and so this term contributes to the superpotential.
Equating the two forms (3.3), (3.5) for B, one finds
Y + Y = 2Φ exp
(
2
∑
a
ρaVa
)
Φ, (3.9)
and from the Ka¨hler potential term above, we see that the metric seen by the kinetic terms
for Y components is
ds2 =
|dy|2
2(y + y)
, (3.10)
where y is the scalar part of Y .
So far this analysis is entirely standard. Now, let us think about the analogous analysis
for T-duals of the W bosons. Here, we take the W bosons to be described by chiral superfields
Wµ˜ and the Lagrangian density
LW =
∫
d4θW µ˜ exp
(
2
∑
a
αaµ˜Va
)
Wµ˜. (3.11)
Proceeding as before, we can consider the intermediate Lagrangian density
LW =
∫
d4θ
(
exp
(
2
∑
a
αaµ˜Va + Bµ˜
)
−
1
2
(
Zµ˜ + Zµ˜
)
Bµ˜
)
. (3.12)
Our analysis will closely follow the pattern for Φ, Y . Integrating over the Zµ˜ recovers the
original Lagrangian density (3.11). Integrating out the Bµ˜, one finds
LW =
∫
d4θ
((
Zµ˜ + Z µ˜
)∑
a
αaµ˜Va −
(
Zµ˜ + Z µ˜
2
)
ln
(
Zµ˜ + Z µ˜
2
))
. (3.13)
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The first term can be rewritten as a superpotential contribution. The primary difference
here is that we take the fundamental field to be Xµ˜ = exp(−Zµ˜). In terms of Xµ˜, the kinetic
term takes the form ∫
d4θ
(
lnXµ˜ + lnX µ˜
2
)
ln
(
−
lnXµ˜ + lnX µ˜
2
)
, (3.14)
and from this Ka¨hler potential it is straightforward to compute that the metric for the kinetic
terms has the form
ds2 =
|dx|2
2|x|2 ln |x|2
. (3.15)
To resolve subtleties in renormalization, in [1], it was noted that the kinetic terms were
written in terms of a bare field Y0 related to a renormalized field by [1][equ’n (3.23)]
Y0 = ln(ΛUV /µ) + Y, (3.16)
and then in a suitable limit, the metric on the Y ’s becomes flat. The analogue here is to
write X0 = (µ/ΛUV )X , so that the metric for the kinetic term becomes
|dx|2
|x|2 (−2 ln(ΛUV /µ) + ln |x|2)
. (3.17)
Even in the analogous scaling limit however, this metric diverges as x→ 0, suggesting that
the kinetic terms dynamically forbid x = 0.
The take-away observation from the computation above is that the proposed kinetic terms
for the W-boson mirrors have singularities at X = 0. Now, granted, a more rigorous analysis
of duality might well work along the lines of nonabelian T-duality rather than abelian T-
duality in a Cartan, and so yield different kinetic terms still, see e.g. [41] for a pertinent
discussion of nonabelian T-duality. Furthermore, these kinetic terms will receive quantum
corrections, that could even smooth out singularities of the form above, see e.g. [1,9,17,42].
In passing, let us point out a few other consistency checks. As observed in [19][appendic
C.4], in the A-twisted gauge theory, supersymmetric W bosons contribute to supersymmetric
localization as chiral multiplets of R-charge two, so that the mirror should be a twisted chiral
multiplet (same as the X fields), and the R charge dictates that the mirror fields should
appear linearly in the superpotential (as the fundamental field is exp(−(r/2)Y )). The mass
of the X fields themselves is a bit off:
∂2W
∂Xµ˜∂Xν˜
= δµ˜ν˜
∑
a σaα
a
µ˜
X2µ˜
= δµ˜ν˜
1∑
a σaα
a
µ˜
(3.18)
after applying the mirror map, whereas the mass of a W boson is instead
∑
a σaα
a
µ˜. On the
other hand,
∂2W
∂ lnXµ˜∂Xν˜
= δµ˜ν˜Xµ˜ = δµ˜ν˜
∑
a
σaα
a
µ˜, (3.19)
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after applying the mirror map, exactly right to match the mass of the W bosons, suggesting
that the W boson mirrors are lnXµ˜.
3.3 Comparison of correlation functions
In this section, we will give a formal outline of how (some) A model correlation functions
match B model correlation functions in the proposed nonabelian mirror, by in the mirror
formally integrating out the mirrors to the W bosons and the matter fields, yielding a theory
of σ’s only. We will give several versions of this comparison, of varying levels of rigour.
We will focus exclusively on correlation functions of Weyl-group-invariant untwisted-sector
operators, which together with the fact that the Weyl group orbifold fixed points do not
intersect superpotential critical points in the examples in this paper, will enable us to largely
gloss over the Weyl group orbifold.
3.3.1 First argument – iterated integrations out
Begin with the basic mirror proposal, the Landau-Ginzburg orbifold described in section 2,
with superpotential W given in (2.4). If none of the critical points intersect fixed points of
the Weyl group orbifold, then we can integrate out the Xµ˜, as we shall outline next.
First, it is straightforward to compute from the superpotential (2.4) that
∂W
∂Xµ˜
= 1 −
∑
a σaα
a
µ˜
Xµ˜
, (3.20)
∂2W
∂Xµ˜∂Xν˜
= δµ˜ν˜
∑
a σaα
a
µ˜
X2µ˜
, (3.21)
a diagonal matrix of second derivatives. Evaluating on the critical locus (and identifying the
field σa with the mirror field σa, reflecting their common origin),
∂2W
∂X2µ˜
=
1∑
a σaα
a
µ˜
. (3.22)
So long as the determinant of the matrix of second derivatives is nonvanishing, the Xµ˜
are massive, so it is consistent to integrate them out. (If the matrix of second derivatives
were to have a zero eigenvalue somewhere, integrating out the Xµ˜ would, of course, not be
consistent.)
To integrate them out, we follow the same logic as [34][section 2.2], [35]. Briefly, the
pertinent terms in the Lagrangian are of the form∑
µ˜
|∂µ˜W |
2 + ψµ˜+ψ
ν˜
−∂µ˜∂ν˜W + c.c. (3.23)
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Expanding the purely bosonic term about the critical locus Xoµ˜, given by
Xoµ˜ =
∑
a
σaα
a
µ˜,
we write ∑
µ˜
|∂µ˜W |
2 = 0 + |∂ν˜∂µ˜W |
2
∣∣
Xo
|δXν˜ |
2, (3.24)
suppressing higher-order terms as in [34][section 2.2]. Performing the Gaussian integral over
δXν˜ yields a factor
1
HXHX
,
for HX the determinant of the matrix of second derivatives with respect to the Xµ˜, meaning
HX =
∏
µ˜
1∑
a σaα
a
µ˜
. (3.25)
Repeating the same for the Yukawa interactions
ψµ˜+ψ
ν˜
−∂µ˜∂ν˜W + c.c.
as in [34][section 2.2], [35] yields another factor of HXH
g
X at genus g. Putting these factors
together results in a net factor of 1/H1−gX in correlation functions on a genus g worldsheet.
Another effect of integrating out the Xµ˜ should be to modify the superpotential (2.4),
evaluating the Xµ˜ on the critical loci:
W0 =
r∑
a=1
σa
(
N∑
i=1
ρai Yi −
n−r∑
µ˜=1
αaµ˜ ln
(∑
b
σbα
b
µ˜
)
− ta
)
+
N∑
i=1
exp (−Yi) −
N∑
i=1
m˜iYi +
∑
µ˜
∑
a
σaα
a
µ˜, (3.26)
=
r∑
a=1
σa
[
N∑
i=1
ρai Yi −
n−r∑
µ˜=1
αaµ˜
(
ln
(∑
b
σbα
b
µ˜
)
− 1
)
− ta
]
+
N∑
i=1
exp (−Yi) −
N∑
i=1
m˜iYi (3.27)
(up to constant terms we have omitted). The σ(ln(σ)− 1) term in the σa constraint, orig-
inating from integrating out the Xµ˜ fields, reflects the shift of the FI parameter described
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in [36][section 10]. We can simplify this constant by rewriting it as a sum over positive roots:
n−r∑
µ˜=1
αaµ˜
(
ln
(∑
b
σbα
b
µ˜
)
− 1
)
=
∑
pos′
αaµ˜ ln
(∑
b
σbα
b
µ˜
)
−
∑
pos′
αaµ˜
(
ln
(∑
b
σbα
b
µ˜
)
− πi
)
, (3.28)
=
∑
pos′
iπαaµ˜, (3.29)
giving a shift of the theta angle matching that given in [36][equ’n (10.9)].
Altogether, the effect of integrating out the Xµ˜ is to add a factor of HXH
g
X/(HXHX) =
1/H1−gX to correlation functions (at genus g):
〈O〉 =
∫
[DYi][Dσa]O
(∏
µ˜
(∑
a
σaα
a
µ˜
))1−g
exp(−S0), (3.30)
or more simply, for the case of isolated vacua (and no contributions from orbifold twisted
sectors),
〈O〉 =
1
|W |
∑
vacua
O
(det ∂2W0)1−g
(∏
µ˜
(∑
a
σaα
a
µ˜
))1−g
. (3.31)
Note that we can rewrite the new factor above solely in terms of the positive roots:
∏
µ˜
(∑
a
σaα
a
µ˜
)
∝
∏
pos′roots
(∑
a
σaα
a
µ˜
)2
. (3.32)
So far, we have glossed over the fact that there is a Weyl-group orbifold present. For
genus zero computations, since det ∂2W0 and
∏
µ˜
(∑
a
σaα
a
µ˜
)
are both invariant under the Weyl group, so long as O itself is also Weyl group invariant,
the effect of the Weyl group orbifold is solely to contribute the overall factor of 1/|W |,
where |W | is the order of the Weyl group. For genus g > 0, one should be more careful, as
partition functions now contain sums over twisted sectors. However, the B model localizes
on constant maps, so therefore so long as no critical points of the superpotential intersect
the fixed point locus of the orbifold, we do not expect any twisted sector contributions to
correlation functions of Weyl-group-invariant operators, even at genus g > 0.
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Our analysis so far has been rather formal, but in fact, we will see in section 4.7 that the
results are consistent with concrete computations in the case of Grassmannians.
To review, so far we have argued that correlation functions (on a genus g worldsheet of
fixed complex structure) take the form
〈O〉 =
1
|W |
∑
vacua
O
(det ∂2W0)1−g
(∏
µ˜
(∑
a
σaα
a
µ˜
))1−g
(3.33)
(for isolated vacua), where W0 is the superpotential (3.27).
Next, we integrate out the Yi fields, in the same fashion. It is straightforward to compute
∂W0
∂Yi
=
∑
a
σaρ
a
i − exp (−Yi) − m˜i,
∂2W0
∂Yi∂Yj
= +δij exp (−Yi) .
The critical points Y oi for Yi follow from the derivative above as
exp (−Y oi ) =
∑
a
σaρ
a
i − m˜i. (3.34)
Integrating out the superfield δYi = Yi− Y
o
i as in section 4.7 results in correlation functions
with an extra factor of 1/H1−gY for HY the determinant of the matrix of second derivatives
with respect to Y ’s, namely
HY =
N∏
i=1
exp (−Yi) ,
and superpotential W00 given by evaluating W0 at Y
o
i , meaning
W00 = −
∑
a
∑
i
σaρ
a
i ln
(∑
b
σbρ
b
i − m˜i
)
+
∑
a
∑
i
σaρ
a
i −
∑
a
σata
−
∑
a
∑
µ˜
σaα
a
µ˜ ln
(∑
b
σbα
b
µ˜
)
+
∑
µ˜
∑
a
σaα
a
µ˜
+
∑
i
m˜i ln
(∑
b
σbρ
b
i − m˜i
)
, (3.35)
= −
∑
a
∑
i
σaρ
a
i ln
(∑
b
σbρ
b
i − m˜i
)
+
∑
a
∑
i
σaρ
a
i −
∑
a
σata
−
∑
pos′
iπαaµ˜σa +
∑
i
m˜i ln
(∑
b
σbρ
b
i − m˜i
)
, (3.36)
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where we have used the simplification (3.29).
Concretely, this means correlation functions (for isolated vacua, away from fixed points
of the orbifold) on a worldsheet of genus g (and fixed complex structure) are given by
〈O〉 =
1
|W |
∑
vacua
O
(det ∂2W00)1−g
[∏
µ˜
(∑
a
σaα
a
µ˜
)]1−g [ N∏
i=1
(∑
a
σaρ
a
i − m˜i
)]g−1
, (3.37)
where the matrix of second derivatives ∂2W00 now consists solely of derivatives with respect
to σ’s. We deal with the Weyl-group-orbifold in the same fashion as in section 4.7: since
the B model localizes on constant maps, and we assume that the critical points of the
superpotential do not intersect the fixed points of the orbifold, there are no twisted sector
contributions at any worldsheet genus.
Up to overall factors, the expression (3.37) B model correlation function for the mirror
to the A-twisted gauge theory, matches [43][section 4], with ∆2(σ) reproducing
∏
µ˜
(∑
a
σaα
a
µ˜
)
and exp(−2U0) reproducing
N∏
i=1
(∑
a
σaρ
a
i − m˜i
)
,
and W00 matches the “W0” given in [43][equ’ns (2.17), (2.19)]. Also up to factors, for genus
zero worldsheets, the expression (3.37) also matches [19][equ’n (4.77)] for an A-twisted (2,2)
supersymmetric gauge theory in two dimensions, where Z1−loop0 encodes [19][∏
µ˜
(∑
a
σaα
a
µ˜
)][
N∏
i=1
(∑
a
σaρ
a
i − m˜i
)]−1
.
See also [33][equ’n (2.37)]. In passing, a (0,2) supersymmetric version of the same A model
result is given in [37][equ’n (3.63)].
There is another formal argument to demonstrate that correlation functions should
match. If we integrate out the mirrors to the W bosons, but not other fields, then as
shown in [28][section 4.1], det ∂2W0 matches the product of Z1−loop and the Hessian that
arise in A model computations, which together with the factor of
∏
pos′roots
(∑
a
σaα
a
µ˜
)2
in correlation functions arising from integrating out the X fields, implies that B model
correlation functions match their A model counterparts, as expected.
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Our computation of B model correlation functions glossed over cross-terms in the super-
potential such as ∂2W/∂Xµ˜∂σa. In the next subsection, we shall revisit this computation
from another perspective, taking into account those cross-terms, and derive the same result
for correlation functions that we have derived in this subsection.
3.3.2 Second argument
In this section, we will give a different formal derivation of the correlation functions, that
will give the same result – the correlation functions in our B-twisted proposed mirror (of
untwisted sector states) will match conventional computations on Coulomb branches of A-
twisted gauge theories. Instead of sequentially integrating out the Xµ˜, then the Yi, let
us formally consider instead a direct computation of correlation functions, assuming that
critical loci are isolated (and distinct from fixed points of the orbifold). (If critical loci are
not isolated, one could suitably deform the superpotential to make them isolated.)
Correlation functions are then of the form
〈O〉 =
∑
vacua
O
H1−g
,
where H is the determinant of the matrix of second derivatives. Write
H = det
[
A B
C D
]
, (3.38)
where A is the submatrix of derivatives with respect to Xµ˜ and Yi,
∂2W
∂Xµ˜∂Xν˜
= δµ˜ν˜
(∑
c
σcα
c
µ˜
)−1
,
∂2W
∂Yi∂Yj
= δij
(∑
c
σcρ
c
i − m˜i
)
,
∂2W
∂Xµ˜∂Yi
= 0,
(on the critical locus,) B = CT are the matrices of derivatives of the form
∂2W
∂Xµ˜∂σa
= −αaµ˜
(∑
c
σcα
c
µ˜
)−1
,
∂2W
∂Yi∂σa
= ρai ,
and D is the matrix of second derivatives with respect to σ’s. Since σ only appears linearly
in the superpotential, D = 0.
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Putting this together, from [44], we can write
H = (detA) det
(
D − CA−1B
)
. (3.39)
The factor detA we have seen previously: since A is diagonal, it is straightforward to see
that
detA =
[∏
µ˜
(∑
c
σcα
c
µ˜
)]−1 [∏
i
(∑
c
σcρ
c
i − m˜i
)]
. (3.40)
Note first that (
1
detA
)1−g
(3.41)
is the same factor that appears multiplying operators in correlation functions in our previous
expression (3.37); we have duplicated it without any extra factors, despite the fact that our
previous analysis omitted cross-terms such as ∂2W/∂Xµ˜∂σa. The remaining factor,
det
(
D − CA−1B
)
,
can be interpreted as the usual Hessian from some superpotential we shall label Weff , which
we shall see next will coincide with the W00 of the previous subsection.
Proceeding carefully, since C = BT , D − 0, and A is symmetric, the quantity CA−1B is
a symmetric matrix, so we can define a function Weff as follows:
(
−CA−1B
)
ab
=
∂2Weff
∂σa∂σb
. (3.42)
Computing the matrix multiplication, we find
(
−CA−1B
)
ab
= −
∑
µ˜
αaµ˜α
b
µ˜∑
c σcα
c
µ˜
−
∑
i
ρai ρ
b
i∑
c σcρ
c
i − m˜i
. (3.43)
Curiously, it can be shown that for the superpotential W00 computed in the previous sub-
section,
∂2W00
∂σa∂σb
= −
∑
µ˜
αaµ˜α
b
µ˜∑
c σcα
c
µ˜
−
∑
i
ρai ρ
b
i∑
c σcρ
c
i − m˜i
, (3.44)
the same as the result above, hence we can identify
Weff = W00 (3.45)
(up to irrelevant terms annihilated by the second derivative).
Phrased more simply, by more carefully taking into account all fields and cross-terms, we
reproduce the same result for correlation functions derived in the previous subsection, which
itself matches results in the literature for A model correlation functions.
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In fact, there is a more general statement of this form that can be made, that for B
model correlation functions, sequential ‘integrations-out’ are equivalent to correlation func-
tion computations. Consider for simplicity a superpotential W = W (x, y), a function of two
variables. Assuming isolated critical points, correlation functions are weighted by a factor of
det
[
∂2W
∂x2
∂2W
∂x∂y
∂2W
∂y∂x
∂2W
∂y2
]
=
(
∂2W
∂x2
)(
∂2W
∂y2
)
−
(
∂2W
∂x∂y
)2
,
=
(
∂2W
∂x2
)[
∂2W
∂y2
−
(
∂2W
∂x∂y
)2(
∂2W
∂x2
)−1]
,
(mimicking the form of the result in [44]). We claim, as an elementary result, that
∂2W
∂y2
−
(
∂2W
∂x∂y
)2(
∂2W
∂x2
)−1
=
∂2W0
∂y2
, (3.46)
where W0 = W (x0(y), y), for x0 the critical loci of W defined by
∂W
∂x
∣∣∣∣
x=x0(y)
= 0. (3.47)
The trivial generalization to multiple variables establishes the equivalence of the two argu-
ments described in this section.
To demonstrate this, we compute:
∂W0
∂y
=
∂W (x0, y)
∂x0
∂x0
∂y
+
∂W (x0, y)
∂y
,
∂2W0
∂y2
=
∂2W (x0, y)
∂y2
+ 2
∂2W
∂x0∂y
∂x0
∂y
+
∂2W
∂x20
(
∂x0
∂y
)2
.
From the fact that ∂W (x0, y)/∂x0 = 0, we have that
∂
∂y
∂W (x0, y)
∂x0
=
∂2W
∂x20
∂x0
∂y
+
∂2W
∂x0∂y
= 0, (3.48)
and plugging into the equation above we find
∂2W0
∂y2
=
∂2W
∂y2
+ 2
∂2W
∂x0∂y
(
−
∂2W
∂x0∂y
)(
∂2W
∂x20
)−1
+
∂2W
∂x20
(
−
∂2W
∂x0∂y
)2(
∂2W
∂x20
)−2
, (3.49)
=
∂2W
∂y2
−
(
∂2W (x0, y)
∂x0∂y
)2(
∂2W (x0, y)
∂x20
)−1
, (3.50)
as claimed, establishing the desired equivalence.
In passing, note in the argument above that since ∂W0/∂y = 0, since ∂W (x0, y)/∂x0 = 0,
we also have that ∂W (x0, y)/∂y = 0.
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4 Example: Grassmannian G(k, n)
For our first example, we will compute the prediction for the mirror to a Grassmannian.
Other proposals for this case also exist in the literature, see e.g. [1, 10–14], to which we will
compare.
4.1 Predicted mirror
Here, the A-twisted gauge theory is a U(k) gauge theory with n chiral superfields in the
fundamental representation. The resulting GLSM describes the Grassmannian G(k, n) [4].
The mirror is predicted to be an Sk-orbifold of a Landau-Ginzburg model with matter
fields Yia (i ∈ {1, · · ·n}, a ∈ {1, · · ·k}), Xµν = exp(−Zµν), µ, ν ∈ {1, · · · , k}, and superpo-
tential
W =
∑
a
σa
(∑
ib
ρaibYib +
∑
µν
αaµνZµν − t
)
+
∑
ia
exp (−Yia) +
∑
µ6=ν
Xµν , (4.1)
where7
ρaib = δ
a
b , α
a
µν = −δ
a
µ + δ
a
ν ,
Xµν = exp(−Zµν) is a fundamental field, and the Xµν , Zµν need not be (anti)symmetric but
are only defined for µ 6= ν, as the diagonal entries would correspond to the elements of the
Cartan subalgebra that we use to define constraints via σ’s. Between Xµν and Zµν , Xµν is
7 Let us illustrate the α’s explicitly for the case of U(3). Begin by describing the Cartan subalgebra of
U(3) as 
 a 0 00 b 0
0 0 c

 .
Describe the W bosons as 
 0 A12 A13A21 0 A23
A31 A32 0

 .
Under a gauge transformation in the Cartan,
 a−1 0 00 b−1 0
0 0 c−1



 0 A12 A13A21 0 A23
A31 A32 0



 a 0 00 b 0
0 0 c

 =

 0 a−1A12b a−1A13cb−1A21a 0 b−1A23c
c−1A31a c
−1A32b 0

 .
Thus, we see that
αaµν = −δ
a
µ + δ
a
ν .
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the fundamental field, but it will sometimes be convenient to work with its logarithm, so we
retain Zµν ≡ − lnXµν .
We orbifold the space of fields σa, Yia, and Zµν by the Weyl group of the gauge group.
Now, the Weyl group of U(k) is the symmetric group on k entries. It acts on a Cartan torus
by permuting U(1) elements. In the present case, that means the orbifold acts by permuting
the σa, by making corresponding permutations of the Yia (acting on the a index, leaving the
i fixed), and correspondingly on the Xµν (associated with root vectors). We will see concrete
examples in the next subsections.
In passing, the Weyl group Sk acts by interchanging fields, which will leave a holomorphic
top-form on the space of fields σa, Yia, and Xµν invariant up to a sign. (For example, for (two-
dimensional) Calabi-Yau surfacesM , namely T 4 andK3, Sk leaves invariant the holomorphic
top-form on Mk [45].) As discussed earlier and in [22], this is sufficient for the B twist to
exist. A more general orbifold might not be compatible with the B twist, but as previously
discussed, the Weyl orbifold is always compatible with the B twist.
We begin working in the untwisted sector of the orbifold. (Later we will observe that
only the untwisted sector is relevant.) Integrating out the σa, we get constraints∑
i
Yia −
∑
ν 6=a
(Zaν − Zνa) − t = 0,
which we use to eliminate Yna:
Yna = −
n−1∑
i=1
Yia +
∑
ν 6=a
(Zaν − Zνa) + t.
Define
Πa = exp(−Yna), (4.2)
= q
(
n−1∏
i=1
exp(+Yia)
)(∏
µ6=a
Xaµ
Xµa
)
, (4.3)
for q = exp(−t), then the superpotential for the remaining fields, after applying the con-
straint, reduces to
W =
n−1∑
i=1
k∑
a=1
exp (−Yia) +
∑
µ6=ν
Xµν +
k∑
a=1
Πa. (4.4)
Note that since Πa contains factors of the form 1/X , the superpotential above has poles
where Xµν = 0. Such structures can arise after integrating out fields in more nearly conven-
tional Landau-Ginzburg theories, as we shall review in section 4.6, and have also appeared
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in other discussions of two-dimensional (2,2) supersymmetric theories e.g. [5, 6, 8, 9]. In the
next section, we shall argue that physics excludes the loci where Xµν = 0, and so at least
insofar as our semiclassical analysis of the B-twisted theory is concerned, the presence of
poles will not be an issue.
So far we have discussed the untwisted sector of the Weyl orbifold. However, since none
of the critical loci land at fixed points of the orbifold, we do not expect any e.g. twisted
sector contributions, and so for the purposes of this paper, we will omit the possibility of
twisted sector contributions.
4.2 Excluded loci
We saw in section 3.3 that when the X fields are integrated out, the integration measure is
multiplied by a factor proportional to
∏
µ˜
〈σ, αµ˜〉 =
∏
µ˜
(∑
a
σaα
a
µ˜
)
, (4.5)
which therefore suppresses contributions from vacua such that any 〈σ, αµ˜〉 vanish.
Thus, points where 〈σ, αµν〉 vanish, necessarily do not contribute. In (A-twisted) gauge
theories in two dimensions, this is a standard and well-known effect: in Coulomb branch
computations, one must exclude certain loci. For the case of the Grassmannian, one excludes
the loci where any σas collide, corresponding to the same loci discussed here, and also to loci
where there is semiclassically an enhanced nonabelian gauge symmetry. In supersymmetric
localization computations, the excluded loci appear in the same fashion – as the vanishing
locus of a measure factor in correlation functions (see e.g. [46][section 2.2]).
Thus, the loci {〈σ, αµ˜〉 = 0} must be excluded. It remains to understand this excluded
locus phenomenon from the perspective of the theory containing the Xµ˜ fields, before they
are integrated out.
It turns out that a nearly identical argument applies to the theory containing Xµ˜ fields.
To understand this fact, we first need to utilize the operator mirror map (2.3), which says
Xµ˜ =
∑
a
σaα
a
µ˜ = 〈σ, αµ˜〉. (4.6)
Thus, the locus where 〈σ, αµ˜〉 vanishes is the same as the locus where Xµ˜ vanishes.
If one tracks through the integration-out, one can begin to see a purely mechanical reason
for the zeroes of the measure: the mass of Xµ˜ is proportional to
1
〈σ, αµ˜〉
, (4.7)
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and so the Xµ˜ become infinitely massive at the excluded loci. When one computes Hessian
factors H = ∂2W weighting critical loci in correlation function computations, it turns out
that, just as the mass becomes infinite, so too does the Hessian, to which the mass con-
tributes. (Indeed, it is difficult to see how the Hessian could fail to become infinite in such
cases.) For example, in section 4.5 we will see that the Hessian for the mirror to G(2, n) has
a factor
1
(Π1 − Π2)
2 , (4.8)
where Πa is mirror to σa. The critical loci where Xµ˜ vanish correspond in this case to the
locus where Π1 → Π2, so we see that the Hessian diverges. Since correlation functions
are weighted by factors of 1/H , if H diverges, then the critical locus in question cannot
contribute to correlation functions.
More generally, the result above is related by the operator mirror map to results in
supersymmetric localizations for Coulomb branch computations with σ’s. Specifically, we
will see later that the operator mirror map relates Πa to σa, so the Hessian above is mirror
to
H ↔
1
(σ1 − σ2)
2 =
1
〈σ, α12〉2
, (4.9)
hence 1/H is mirror to the measure factor
1
H
↔ (σ1 − σ2)
2 = 〈σ, α12〉
2. (4.10)
More generally, the operator mirror map directly relates the vanishing measure factors to
vanishing 1/H factors, and so we see that critical loci along the excluded locus cannot
contribute to correlation functions, in both A-twisted theories of σ’s as well as the proposed
mirror, for essentially identical reasons in each case.
So far we have established at a mechanical level that critical loci along the excluded locus
(where the Xµ˜ vanish) cannot contribute. Next, we shall outline less mechanical reasons in
the physics of the proposed mirror for why this exclusion should take place. This matter
will be somewhat subtle, as we shall see, but nevertheless even without computing Hessians
one can see several issues with the excluded locus in the mirror theory that would suggest
these loci should be excluded.
First, focusing on the X fields, the bosonic potential diverges where any one Xµ˜ vanishes
– so generically these points are excluded dynamically. One has to be slightly careful about
higher codimension loci, however. Because the superpotential contains ratios of the form
Xµν/Xνµ, if multiple Xµ˜ vanish, then the superpotential has 0/0 factors, which are ill-
defined (as we shall discuss further in section 4.6). Since the critical loci are defined as the
loci where ∇W vanishes, formally the bosonic potential
U = |∇W |2 (4.11)
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also vanishes along critical loci, which appears to say that at higher codimension loci such as
critical loci, the bosonic potential will be finite, not infinite, where enough Xµ˜ vanish. That
said, in typical examples in this paper, the critical locus consists of isolated points, not a
continuum, so working just in critical loci themselves one cannot continuously approach a
point where all Xµ˜ vanish, so one cannot reach such points through a limit of critical loci.
The fact that the bosonic potential diverges when any one Xµ˜ vanishes means that the
bosonic potential diverges generically when Xµ˜ vanish. As noted above, there are higher-
codimension loci where the superpotential and bosonic potential are ambiguous. It is natural
to suspect that some regularization of the quantum field theory may effectively ’smooth over’
these higher-codimension ambiguities, so that the quantum field theory sees a continuous
(and infinite) potential. We will elaborate on this suspicion later in section 4.6.
As this matter is extremely subtle, let us examine it from another perspective. The
superpotential is ambiguous at points where all Xµ˜ vanish, but we can still consider limits
as one approaches such points. Consider for example the mirror superpotential (4.4) for the
case of G(2, n). The critical locus equations are
∂W
∂Yi1
= − exp (−Yi1) + q
(
n−1∏
j=1
exp (+Yj1)
)
X12
X21
, (4.12)
∂W
∂Yi2
= − exp (−Yi2) + q
(
n−1∏
j=1
exp (+Yj2)
)
X21
X12
, (4.13)
∂W
∂X12
= 1 + q
(
n−1∏
j=1
exp (+Yj1)
)
1
X21
− q
(
n−1∏
j=1
exp (+Yj2)
)
X21
X212
, (4.14)
∂W
∂X21
= 1 − q
(
n−1∏
j=1
exp (+Yj1)
)
X12
X221
+ q
(
n−1∏
j=1
exp (+Yj2)
)
1
X12
. (4.15)
Because of the ratios in the last two equations, the limit of these equations as one approaches
a critical locus point can be a little subtle. Assuming that the first two derivatives vanish,
we can rewrite the last two equations in a more convenient form:
∂W
∂X12
= 1 +
exp (−Yi1)− exp (−Yi2)
X12
, (4.16)
∂W
∂X21
= 1 −
exp (−Yi1)− exp (−Yi2)
X21
, (4.17)
for any i. If we are approaching a ‘typical’ critical locus point, not on the proposed excluded
locus, then X12,21 6= 0 and exp(−Yi1) 6= exp(−Yi2), so the limits of the derivatives above are
well-defined and vanish unambiguously at the critical point, consistent with supersymmetry.
Now, consider instead a critical point on the excluded locus, where Xµν vanish and (as we
shall see later from e.g. the operator mirror map) exp(−Yi1) = exp(−Yi2). Strictly speaking,
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the derivatives above are not uniquely defined at this point, as they have a term of the form
0/0. Suppose we approach this point along a path such that
exp (−Yi1)− exp (−Yi2) = αX12 = −αX21, (4.18)
for some constant α. Then the limit of the derivatives along this path is easily computed to
be
lim
∂W
∂X12
= 1 + α = lim
∂W
∂X21
. (4.19)
For most paths of this form, so long as α 6= −1, the limit of the derivatives is nonzero, and
so appears incompatible with supersymmetry. This is an artifact of the critical locus in the
proposed excluded locus; for other critical loci, not in the excluded locus, the limits of these
derivatives are well-defined and vanish.
More globally, understanding these excluded loci is one of the motivating factors behind
this proposed mirror construction. After all, a condition such as σa 6= σb for a 6= b is an
example of an open condition, in the sense that it specifies an open set, rather than a closed
set. To specify an open condition in physics would seem to require either an integration
measure that vanishes at the excluded points, or a potential function that excludes those
points. In effect, both arise here: the proposed mirror superpotential describes a bosonic
potential that excludes these points, and if we integrate out the pertinent fields to get a
theory of just σ’s, then as we have already seen, the result is an integration measure which
vanishes at the points.
In fact, one of the strengths of this proposed mirror is that it gives a purely algebraic
way to determine those excluded loci – as the points where the Xµν vanish. Sometimes these
A model exclusions have been empirical, see for example [47][footnote 4, p. 26], so in such
cases, the analysis here gives one a more systematic means of understanding the A model
excluded loci.
Later in this paper we will check in numerous examples beyond Grassmannians that the
excluded loci predicted in this fashion by the proposed mirror superpotential, match the
excluded loci that are believed to arise on the A model side. In fact, in every example we
could find in the literature, the excluded loci determined in gauge theory Coulomb branch
analyses match those determined by the loci {Xµ˜ = 0}.
4.3 Check: Number of vacua
The Euler characteristic of the Grassmannian G(k, n) is(
n
k
)
.
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In this section we will check that the proposed B model mirror has this number of vacua.
The critical locus of the superpotential (4.4) is defined by
∂W
∂Yia
: exp (−Yia) = Πa, (4.20)
∂W
∂Xµν
: Xµν = −Πµ +Πν . (4.21)
Plugging into the definition (4.3) of Πa, we find
Πa = q
(
1
Πa
)n−1(∏
µ6=a
−Πa +Πµ
−Πµ +Πa
)
= q(−)k−1(Πa)
1−n,
hence
(Πa)
n = (−)k−1q. (4.22)
As discussed in section 4.2, the Xµν do not vanish, which means that the Πa are all distinct.
Since the Πa are distinct, and from (4.22), each is an nth root of (−)k−1q, there are
therefore
n(n− 1) · · · (n− k + 1)
different vacua, before taking into account the Weyl group orbifold.
Finally, we need to take into account the Sk orbifold. The Weyl group orbifold acts by
exchanging Yia with different values of a, hence exchanges different Πa. (It also exchanges
the σa’s with one another, and interrelates the Xµν , though for the moment that is less
relevant.) Thus, in the untwisted sector, there are
n(n− 1) · · · (n− k + 1)
k!
=
(
n
k
)
critical loci or vacua.
The fixed-point locus of the Weyl orbifold lies along loci where some of the Πa coincide;
since the critical locus requires all Πa distinct, we see that none of the critical loci can
lie at fixed points of the Weyl orbifold group action. As a result, we do not expect any
contributions from twisted sectors, as discussed previously in section 2.
Thus, we find that the proposed mirror has(
n
k
)
vacua, matching the number of vacua of the original A-twisted GLSM for G(k, n).
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In passing, the details of this computation closely match the details of the analogous
computation in the A-twisted GLSM for G(k, n), where one counts solutions of (σa)
n =
(−)k−1q, subject to the excluded-locus constraint that σa 6= σb if a 6= b. If one did try to
include vacua where the Πa are not distinct, including vacua on the excluded loci, then at
minimum the computation would no longer closely match the A model computation, and
furthermore (modulo the possibility of extra twisted sector vacua contributing with sufficient
signs), it is not at all clear that the resulting Witten index would necessarily match that of
the Grassmannian.
4.4 Compare B ring to A ring
Let us first compare against the operator mirror maps (2.2), (2.3). For the case of the
Grassmannian, these operator mirror maps predict
exp (−Yia) =
∑
b
σbρ
a
ib = σa,
Xµν =
∑
a
σaα
a
µν = −σµ + σν .
On the critical locus, we computed
exp (−Yia) = Πa,
Xµν = −Πµ +Πν .
Thus, we see the operator mirror map is completely consistent with our computations for
the critical locus, and in particular, the mirror map identifies
σa ↔ Πa. (4.23)
The equation (4.22) above is the mirror of the A model Coulomb branch statement
(σa)
n = (−)k−1q, (4.24)
which determines the quantum cohomology ring of the Grassmannian, which is of the form
(see e.g. [4, 48–52])
C[x1, · · · , xn−k]/〈Dk+1, · · · , Dn−1, Dn + (−)
nq˜〉, (4.25)
for some constant q˜ ∝ q, where
Dm = det (x1+j−i)1≤i,j≤m ,
in conventions in which xm = 0 if m < 0 or m > n− k, and x0 = 1.
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In particular, the chiral ring of this B model theory is finite-dimensional, and matches
that of the A-twisted theory. Although the superpotential has poles, in this instance (and
for the other theories in this paper), the chiral ring remains finite. See for example [8] for a
discussion of a different Landau-Ginzburg theory with a superpotential pole, not of the form
discussed in this paper, where the chiral ring is not finite.
For an explicit derivation of the quantum cohomology ring of the Grassmannian from
the Coulomb branch relations (4.22), see e.g. [46][section 3.3]. In fact, at this point we could
stop and observe that the critical loci, defined by the equation above, satisfy the same form
as the critical loci of the one-loop effective twisted superpotential on the Coulomb branch in
the original A-twisted GLSM, including the orbifold by the Weyl group action, hence the B
model shares the quantum cohomology ring of the A model.
Let us briefly outline the idea of how the quantum cohomology ring is derived from
the Coulomb branch relations, sketching [46][section 3.3]. First, we identify each xi with a
Schur polynomial sλ(σ) in the variables σ1, · · · , σk, associated to a Young tableau λ with
i horizontal boxes. These are symmetric polynomials, invariant under the (Weyl-)orbifold
group. For example, for k = 2,
x1 = s (σ) = σ1 + σ2,
x2 = s (σ) = σ
2
1 + σ1σ2 + σ
2
2 ,
x3 = s (σ) = σ
3
1 + σ
2
1σ2 + σ1σ
2
2 + σ
3
2 .
Without using the relation (4.24), it is straightforward to verify that Dm = 0 for m > k,
simply as an algebraic consequence of the expressions for xi in terms of σa’s, and this is the
origin of most of the relations in the quantum cohomology ring (4.25) in this language.
The relation (4.24) modifies relations involving nth powers of σ’s. For example, for k = 2,
it is straightforward to check that
x4 − x3σ1 = (σ2)
4, (4.26)
again using algebraic properties of the expansions in terms of σa’s. Consider the case n = 4,
for which we know x3 = 0. The algebraic relation above then implies x4 = (σ2)
4 ∝ q, giving
the desired relation. Other cases follow similarly.
4.5 Correlation functions in G(2, n)
As another consistency test, we will now outline correlation function computations in the
proposed B-twisted Landau-Ginzburg orbifold mirror to G(2, n) for various values of n, and
compare them to results for correlation functions in the original A-twisted gauge theory.
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Before wading into the details of the computations, it may be helpful to first very briefly
review the analogous computations for the B-twisted mirror to Pn. This is a Landau-
Ginzburg model with superpotential of the form
W = exp(−Y1) + · · ·+ exp(−Yn) + q
n∏
i=1
exp(+Yi). (4.27)
The critical locus is defined by exp(−Yi)n+1 = q for all i. Genus zero correlation functions
have the form
〈f〉 =
∑
vacua
f
H
, (4.28)
where H is the determinant of the matrix of second derivatives of the superpotential W , and
we identify vacua with the critical locus. In the present case, if we define X = exp(−Yi), so
that the critical locus is Xn+1 = q, then H = det ∂2W = (n + 1)Xn. Correlation functions
then take the form of a sum over (n + 1)th roots of unity:
〈Xk〉 ∝
∑
vacua
Xk
Xn
, (4.29)
and so will be nonzero if k = n+m(n+1), corresponding to cases in which the summand is
a multiple of Xn+1 = q. For other values of k, the sum vanishes, as the corresponding sum
over roots of unity vanishes. This result matches the form of genus zero A model correlation
functions on Pn, and we will see that computations in the mirror to G(2, n) have a similar
flavor.
Now, let us return to the mirror of G(2, n). As stressed previously, since we are computing
correlation functions of untwisted sector operators, and critical loci do not overlap orbifold
fixed points, the sole effect of the orbifold will be to multiply the correlation function by a
factor of 1/|W |, for |W | the order of the Weyl group.
From the superpotential (4.4) (after integrating out σ1), we have the following derivatives:
∂W
∂Yia
= − exp (−Yia) + Πa for i < n,
∂W
∂Xµν
= 1 +
Πµ
Xµν
−
Πν
Xµν
for µ 6= ν,
∂2W
∂Yjb∂Yia
= δijδab exp (−Yia) + δabΠa,
∂2W
∂Xµν∂Yia
= δaµ
Πµ
Xµν
− δaν
Πν
Xµν
,
∂2W
∂Xρσ∂Xµν
= δµρδνσ
−Πµ +Πν
XρσXµν
+ (δρµ − δσµ)
Πµ
XρσXµν
− (δρν − δσν)
Πν
XρσXµν
.
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Clearly, correlation functions will be nontrivial. Let us now specialize to Grassmannians
G(2, n). It is straightforward to compute8:
• for G(2, 3),
H ≡ det
(
∂2W
)
= −9
(Π1)
2(Π2)
2
(Π1 − Π2)2
,
• for G(2, 4),
H ≡ det
(
∂2W
)
= −16
(Π1)
3(Π2)
3
(Π1 −Π2)2
,
• for G(2, 5),
H ≡ det
(
∂2W
)
= −25
(Π1)
4(Π2)
4
(Π1 −Π2)2
.
All derivatives above are evaluated on the critical locus. From the results above, we conjec-
ture that for G(2, n) for general n ≥ 3,
H ≡ det
(
∂2W
)
= −n2
(Π1)
n−1(Π2)
n−1
(Π1 −Π2)2
. (4.30)
Let us compute correlation functions in the mirrors to G(2, n) for 3 ≤ n ≤ 5, and compare
to the correlation functions computed for the corresponding A-twisted gauge theories in [46].
Note that given the quantum cohomology relations, once we establish that the classical
correlation functions match (up to an overall scale), all the remaining correlation functions
are guaranteed to match.
Reference [46] considers correlation functions A-twisted gauge theories corresponding to
G(2, 3) (see [46][section 4.2]), G(2, 4) (see [46][section 4.3]), and G(2, 5) (see [46][section 4.4]).
In each case, for G(2, n), the nonzero classical (q = 0) correlation functions are
〈σn−11 σ
n−3
2 〉, 〈σ
n−2
1 σ
n−2
2 〉, 〈σ
n−3
1 σ
n−1
2 〉. (4.31)
All other correlation functions of products of σ’s of degree 2n− 4 vanish. The three nonzero
classical correlation functions are related as
〈σn−11 σ
n−3
2 〉 = 〈σ
n−3
1 σ
n−1
2 〉, 〈σ
n−2
1 σ
n−2
2 〉 = −2〈σ
n−1
1 σ
n−3
2 〉 = −2〈σ
n−3
1 σ
n−1
2 〉, (4.32)
so that
〈
(
σn−11 σ
n−3
2 + σ
n−2
1 σ
n−2
2 + σ
n−3
1 σ
n−1
2
)
〉 = 0. (4.33)
8 Some potentially useful identities can be found in e.g. [44].
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Although the overall normalization is not essential, in reference [46], we list here the nor-
malized values in the normalization convention of that paper:
〈σn−21 σ
n−2
2 〉 =
2
2!
, 〈σn−11 σ
n−3
2 〉 = −
1
2!
= 〈σn−31 σ
n−1
2 〉. (4.34)
Not only will our mirror’s correlation functions have the same ratios, in fact their normalized
values will be identical.
From the operator mirror map (4.23), in the mirror we should make corresponding state-
ments about correlation functions of products of Π1 and Π2. As explained earlier, correlation
functions in the Landau-Ginzburg orbifold mirror to G(2, n) take the form
〈Πk1Π
ℓ
2〉 =
1
2!
∑
vacua
Πk1Π
ℓ
2
H
= −
1
2!
1
n2
∑
vacua
(Π1 − Π2)2Πk1Π
ℓ
2
Πn−11 Π
n−2
2
. (4.35)
Note that because of the (Π1 − Π2) factors in the numerator, we no longer need to restrict
to vacua described by distinct Πa, since cases in which they coincide do not contribute;
instead, we can replace the sum over vacua with a sum over two sets of nth roots of unity,
corresponding (up to scale) with separate solutions for Π1 and Π2.
For example, let us compute
〈Πn−21 Π
n−2
2 〉 = −
1
2!n2
∑
vacua
(Π1 −Π2)2Π
n−2
1 Π
n−2
2
Πn−11 Π
n−1
2
,
= −
1
2!n2
(
−
1
q
)2 ∑
vacua
Π1Π2(Π1 −Π2)
2Πn−21 Π
n−2
2 ,
= −
1
2!n2q2
∑
vacua
(
Π21 − 2Π1Π2 +Π
2
2
)
Πn−11 Π
n−1
2 ,
= −
1
2!n2q2
∑
vacua
(−2)(Π1Π2)Π
n−1
1 Π
n−1
2 ,
= −
1
2!n2q2
∑
vacua
(−2)(−q)2,
=
2n2
2!n2
=
2
2!
,
where we have used the relations Πn1 = −q = Π
n
2 . Reasoning similarly, it is straightforward
to demonstrate that
〈Πn−11 Π
n−3
2 〉 = −
n2
2!n2
= −
1
2!
= 〈Πn−31 Π
n−1
2 〉,
which immediately obey the analogues of the relations (4.32), (4.33) for Π1,2 in place of σ1,2,
and in fact even has the same overall normalization. Using similar reasoning, it is also trivial
to verify that all other correlation functions of products of Π’s of degree 2n− 4 vanish.
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Thus, we see that the classical genus zero correlation functions in the proposed B-twisted
mirror to G(2, n) match those of the original A-twisted theory, and since the quantum
cohomology relations match, we immediately have that all genus zero correlation functions
match.
4.6 Regularizing the discontinuity
When we integrate out the σ fields, the resulting superpotential has a somewhat odd form.
For Grassmannians, the superpotential (4.4) contains factors of the form
X+
X−
. (4.36)
a property shared by most of the mirror superpotentials in this paper. Ordinarily one does
not consider superpotentials with poles at all, but as previously discussed, we are interpreting
these in an effective field theory sense, much as [5,6] (see also [8,9]), which should suffice for
an essentially classical analysis of the B-twisted theory. To further confuse matters, as we
shall review shortly, the toy superpotential above is discontinuous at X+ = 0 = X−, making
its analysis potentially more confusing. As discussed earlier in section 4.2, we believe that
the locus {X− = 0} (or its analogue in our actual models) is dynamically excluded, so the
matter is somewhat moot, but is still of interest as a matter of principle.
In this section, we will consider this matter in more detail. We will discuss potential
regularizations of these discontinuities, presumably corresponding physically to extra degrees
of freedom present in the physical theory but largely irrelevant in the topological field theory.
Unfortunately, we will not develop a fully satisfactory regularization scheme, but as our B
model topological field theory computations seem to give consistent results, we leave the
search for a ‘correct’ regularization to future work along with proposals for mirrors to physical
untwisted QFTs.
Perhaps the first thing to observe is that poles in superpotentials are actually easy to
generate from manifestly consistent theories. Consider for example a topological B model
describing three chiral superfields x1, x2, x3, and a polynomial superpotential
W = x1x3 + x
2
2x
2
3 + x1 + x2. (4.37)
As the superpotential is polynomial, we do not expect any physical oddities in this theory.
Since we are working in the B model, we ought to be able to integrate out the x3 field.
Omitting measure factors discussed earlier, this results in the superpotential
W = −
x21
4x22
+ x1 + x2. (4.38)
This has a pole where {x2 = 0}, reflecting the fact that the vev of x2 acts as a mass for x3,
and so when x2 vanishes, x3 is a massless field, so integrating it out is problematic. Thus,
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in this example, the pole indicates that the low-energy theory is missing information about
fields that have become massless, in the same spirit as e.g. the interpretation of conifold
singularities in moduli spaces [53].
Returning to the superpotential factors above, the factor (4.36) is not a continuous func-
tion at the point X+ = 0 = X−, simply because the limit is not uniquely determined.
Consider for example a path to the origin of the form X+ = tX−. Along that path,
lim
X−→0
X+
X−
= lim
X−→0
tX−
X−
= t,
for any t. As this limit is not independent of path, the function X+/X− does not have a
well-defined limit at the point X+ = 0 = X−, and so is discontinuous at that point.
The reader might now ask how one should make sense of a Landau-Ginzburg theory with
a superpotential that is discontinuous at a point. First, as a practical matter, in section 4.2
we discussed why the locus where any Xµ˜ vanishes is dynamically excluded, so as a practical
matter we do not directly encounter these discontinuities in our classical analysis of the B
model. That said, there is still a question of principle concerning how one would understand
a QFT with such a discontinuity.
Briefly, we propose to interpret this discontinuity as a signal of extra degrees of freedom,
not visible in the B model topological field theory, that would be important to specify in
a physical theory. Without specifying the physical mirror, we cannot uniquely specify the
missing information, but we can at least discuss potential regularizations, leaving a thorough
analysis (in a physical theory) for future work.
Mathematically, there is a standard mechanism to deal with a function such as X+/X−:
perform a blowup of the space of X+, X− at the point X+ = 0 = X−. The blowup separates
the divisors of poles and zeroes, leading to a well-defined function. In more detail, we replace
the original coordinate patch C[X+, X−] with two new coordinate patches, call them UA and
UB:
UA : C[X, z], UB : C[z
−1, Y ], (4.39)
where the original coordinates are related to the coordinates on each patch as follows:
(X+, X−) = (X,Xz) = (Y z
−1, Y ), (4.40)
or
X = X+, Y = X− = X+z. (4.41)
In any event, we see
X+
X−
=
1
z
. (4.42)
On the blowup, the ratio X+/X− is now well-defined: the divisor of poles at {X− = 0} runs
through one pole of the S2 in the blowup, whereas the divisor of zeroes at {X− = 0} runs
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through the other pole of the S2 in the blowup. The blowup has separated the intersection
point, inserting a P1 between the two divisors so that they no longer intersect.
Unfortunately, the blowup of C2 at the origin, as described above, is not Calabi-Yau, and
so would not be compatible with the B twist. On general principles, we expect the mirror of
an A-twistable theory to always be B-twistable, so whatever extra degrees of freedom arise
at those loci should be compatible with a Calabi-Yau condition.
Although the blowup of C2 at the origin is not Calabi-Yau, there is a related construction
it may be tempting to perform instead. Instead of inserting a P1, making the geometry locally
look like the total space of O(−1)→ P1, we can instead replace the local geometry with the
total space of O×(−1)→ P1, meaning the line bundle with the zero section deleted. Since
KP1 = O(−2) = O(−1)
⊗2,
the total space of O×(−1)→ P1 is Calabi-Yau [54][appendix A]. We could describe this with
local coordinates of the form
UA : C[e
A, z], UB : C[z
−1, eB], (4.43)
following the same pattern as above, with apparent geodesic incompleteness cured with suit-
able kinetic terms that make it dynamically prohibitive to approach the gaps. Furthermore,
when applied to examples elsewhere in this text, it is straightforward to check that this pro-
cedure has the desired effect of removing the excluded loci. Unfortunately, it can be shown
that this alternative blowup is isomorphic to C2− 0: it is not really a blowup at all, instead
merely an omission of the origin of C2, and taking as fundamental fields the coordinates used
above, the correlation functions do not come out correctly.
For completeness, note that we would also need to extend the Weyl orbifold over this
blowup. For the simple toy models above, a Weyl orbifold could only act as X+ ↔ X−,
which would be implemented by mapping z ↔ z−1.
Another approach would be to utilize the orbifold. After all, Calabi-Yau resolutions of
orbifold singularities are well-known. However, here again we run into a hitch. In this toy
model, the orbifold acts as [C2/S2], where the S2 exchanges the two factors, so that
[C2/S2] = C× [C/Z2], (4.44)
where the Z2 acts by sign flips. Although this orbifold is B-twistable [22], it is not Calabi-
Yau. In theories without superpotentials, such orbifold have been studied in e.g. [42], where
it is described that the tip of the orbifold flattens dynamically; however, it is not clear what
happens in the present context. A bit more generally for cases such as G(2, n), the orbifold
takes the form
[C2ℓ/S2] = C
ℓ × [Cℓ/Z2]. (4.45)
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When ℓ is odd, again this is B-twistable but not Calabi-Yau, so we do not expect a Calabi-
Yau resolution. When ℓ is even, it is Calabi-Yau but Calabi-Yau resolutions may still not
exist. For example, C4/Z2 is an example of a terminal singularity, which is Calabi-Yau but
admits no Calabi-Yau resolution.
Finally, one could imagine deforming the superpotential or the bosonic potential, doing
computations, and then taking a limit as the deformation is removed. We have tried this in
a few examples, but have not succeeded in finding a generally useful deformation. We leave
this approach for future work.
To review, to make the superpotential well-defined, we have tried several approaches –
blowups of the space, introduction of additional fields – none of which was satisfactory. If one
could find a satisfactory method, satisfying the Calabi-Yau property, then presumably one
could apply the fact that the B model is independent of Ka¨hler moduli to argue that the B
model is independent of the blowup. In such a case, the topological field theory computations
in this paper would be unaffected, but presumably a physical theory would see the difference.
We leave the correct regularization of these discontinuities to future work. In any event, since
these discontinuities lie along a dynamically excluded locus, understanding this issue is not
essential for our analysis.
4.7 Integrating out X fields
So far we have carried through the analysis including the mirrorsXµν to the W bosons. As an
alternative method of analysis of this model, one can for example integrate out the Xµν , and
perform computations in the resulting simpler Landau-Ginzburg model. We described this
formally in section 3.3; in this section, we will compare results more explicitly for the case
of Grassmannians, and will verify in concrete computations that the proposal of section 3.3
does indeed work.
First, in order to be able to sensibly integrate out the Xµν , they must be massive. It is
straightforward to compute from the superpotential (2.4) that for the special case of G(k, n),
on the critical locus, the matrix of second derivatives takes the form
∂2W
∂Xµ˜∂Xν˜
= δµ˜ν˜
1
−σµ + σν
, (4.46)
where we have expanded µ˜ into the µν index convention that we have used for G(k, n).
Furthermore, for this case, from the constraints discussed in section 4.3, we know that the
σa are distinct, hence the Xµ˜ = Xµν are always massive, so it is consistent to integrate
them out. (If the matrix of second derivatives were to have a zero eigenvalue somewhere,
integrating out the Xµ˜ would, of course, not be consistent.)
As discussed in section 3.3, one effect of integrating out the Xµ˜ = Xµν should be to
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change the superpotential (2.4) to the form (3.27), which in the present case is
W0 =
r∑
a=1
σa
(∑
i=1
Yia −
∑
µ6=ν
(
−δaµ + δ
a
ν
)
ln (−σµ + σν) − t
)
+
∑
i,a
exp (−Yia) +
∑
µ6=ν
(−σµ + σν) , (4.47)
=
r∑
a=1
σa
(
n∑
i=1
Yia − (t− (k − 1)πi)
)
+
∑
i,a
exp (−Yia) , (4.48)
(up to constant terms we have omitted), where we have used the identities∑
µ6=ν
(−σµ + σν) = 0,
∑
µ6=ν
(
−δaµ + δ
a
ν
)
ln (−σµ + σν) =
∑
ν 6=a
ln
(
−σν + σa
−σa + σν
)
,
=
∑
ν 6=a
ln(−) = (k − 1)πi.
The other effect of integrating out the Xµν is to add a factor of
HXH
g
X/(HXHX) = 1/H
1−g
X
to correlation functions (at genus g), which for G(k, n) take the form
〈O〉 =
1
|W |
∑
vacua
O
(det ∂2W0)1−g
(∏
µ<ν
(σµ − σν)
2
)1−g
. (4.49)
Now, let us compare the formal results we have outlined above from section 3.3 to concrete
results obtained by actually computing the Hessians of the Landau-Ginzburg models for the
mirror of G(k, n) both with and without the Xµ˜ = Xµν . To that end, in equation (4.48), if
we integrate out the σa, we get the constraint
n∑
i=1
Yia = t˜,
for
t˜ = t − (k − 1)πi, (4.50)
which we can use to eliminate Yna:
Yna = t˜ −
n−1∑
i=1
Yia. (4.51)
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Plugging back into the superpotential (4.48), we get
W0 =
n−1∑
i=1
∑
a
exp (−Yia) +
∑
a
q˜
n−1∏
i=1
exp (+Yia) , (4.52)
for
q˜ = exp
(
−t˜
)
= (−)k−1 exp (−t) = (−)k−1q. (4.53)
With an eye towards correlation functions, we compute
∂W0
∂Yia
= − exp (−Yia) + q˜
n−1∏
i=1
exp (+Yja) ,
∂2W0
∂Yia∂Yjb
= +δijδab exp (−Yia) + δabq˜
n−1∏
k=1
exp (+Yka) .
The operator mirror map derived from (4.48) is simply
exp (−Yia) ↔ σa, (4.54)
for i ∈ {1, · · · , n}. Self-consistency for i = n requires that
exp (−Yna) = q˜
n−1∏
i=1
exp (+Yia)
match exp (−Yia) on the critical locus for i < n, which implies
(σa)
n = q˜. (4.55)
In the G(2, n) example, the determinant of the matrix of second derivatives of the super-
potential (4.52) with respect to the Yia (i < n) can be computed to be
H = 16σ31σ
3
2 , (4.56)
whereas the determinant of the matrix of second derivatives with respect to both the Yia
and the Xµν that we computed previously in section 4.5 is
H ′ = −16
σ31σ
3
2
(σ1 − σ2)2
. (4.57)
Up to a sign, the only difference between H (after integrating out Xµν) and H
′ (before
integrating out Xµν) is a factor of (σ1 − σ2)2, which the formal argument above explains
perfectly. Up to that sign, correlation function computations would be identical: if we
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integrate out the Xµν , then from the formal argument above, for isolated critical points and
worldsheet genus zero,
〈f〉 =
∑
vacua
f
H
(σ1 − σ2)
2, (4.58)
whereas if we do not integrate out theXµν and take the complete matrix of second derivatives,
as we did earlier in section 4.5, then
〈f〉 =
∑
vacua
f
H ′
, (4.59)
which matches (up to a sign). Thus, we see that the formal results in section 3.3 agree with
concrete computations.
4.8 G(k, n) ∼= G(n− k, n)
Mathematically, the Grassmannian G(k, n) is identical to the Grassmannian G(n − k, n).
Physically, one is described by a two-dimensional U(k) gauge theory, the other by a two-
dimensional U(n − k) gauge theory, which in the UV are different but are related by a
two-dimensional analogue of Seiberg duality.
In this section we will discuss in what sense the mirrors proposed here are compatible
with the duality relating A-twisted sigma models on the isomorphic spaces G(k, n) and
G(n− k, n).
Our proposed mirror to G(k, n) is an Sk orbifold of a theory with k(n+ k) fields: k σas,
kn Yias, and k
2 − k Zµ’s. On the other hand, our proposed mirror to G(n− k, n) is an Sn−k
orbifold of a theory with (n−k)(2n−k) fields: n−k σas, n(n−k) Yias, and (n−k)2−(n−k)
Zµs. In the UV, these are two very different theories.
Nevertheless, despite the fact that the orbifold groups are different and the dimension
of the space of matter fields is different, these two B-twisted theories have the same critical
loci, since (
n
k
)
=
(
n
n− k
)
,
and isomorphic chiral rings (since each matches the chiral ring of the corresponding A model,
and G(k, n) ∼= G(n−k, n)). We have only checked that B model correlation functions match
A model correlation functions in the G(2, n) families, but if our conjecture is correct, then
again since G(k, n) ∼= G(n− k, n), the correlation functions in the two mirrors also match.
In short, these two theories, as B-twisted theories, appear to be equivalent in the IR, just
as the A-twisted theories to which they are mirror also are equivalent in the IR.
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We propose that these two theories, mirror to dual A-models, are themselves Seiberg
dual to one another, given that they appear to have the same (B-twisted) IR limits, and in
this sense, the mirror proposed in this paper is compatible with this duality.
This particular realization of duality, this Seiberg duality for Toda duals, is not shared
by all other proposed mirrors. We shall see in section 4.9 that the constructions of Rietsch
[11–13] have the property that the duality G(k, n) ∼= G(n− k, n) is realized more simply on
the mirror – the two Grassmannians have equivalent mirrors.
4.9 Comparison to Rietsch’s mirrors
Although there has not existed previously, to our knowledge, a proposal for mirrors for
general nonabelian GLSMs, there certainly exist proposals for mirrors to Grassmannians,
see e.g. [10–13] for various formulations of one such.
Briefly, for any Grassmannian G(k, n), the mirror in these proposals can be described as
a Landau-Ginzburg model on G(n− k, n), with a superpotential with poles. We outline de-
tails in a few examples in appendix A. The resulting Landau-Ginzburg mirrors are explicitly
invariant under k ↔ n− k: the superpotential and underlying spaces are explicitly isomor-
phic. By contrast, only the low-energy physics of our proposed Landau-Ginzburg mirrors is
invariant under the duality G(k, n)↔ G(n− k, n), as discussed previously in section 4.8.
As a result, the G(k, n) mirror proposals of [10–13] have a different form than the one
presented here. Nevertheless, we are under the impression that they are known to also match
physics, at least in the sense that the quantum cohomology ring of the A-twisted theory can
be derived from the ring of functions on the critical loci of the B-twisted Landau-Ginzburg
model (see e.g [12][remark 8.10]).
Briefly, we conjecture that the mirror to G(k, n) presented in [10–13] is Seiberg-dual to
the mirror presented here, in the sense that they share the same number of critical loci and
Hessians at those loci, so that correlation functions and quantum cohomology rings match.
4.10 Comparison to Hori-Vafa’s proposed mirror
In [1][appendix A], there is another short proposal for a mirror. Briefly, it is similar to
ours, in that it has mirrors Yia to the matter fields, has a similar action, but crucially omits
our Xµ˜ fields, and also speaks of taking Weyl-invariant fields instead of a Weyl orbifold.
Furthermore, the proposal there inserts factors of∏
a<b
(σa − σb) (4.60)
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into period integrals such as [1][equ’n (A.3)]. (For a mathematical treatment of the same
proposal, see e.g. [55].)
We observe that in our proposed mirror, analogous factors arise by virtue of the Xµ˜ fields.
For example, in computing correlation functions in the mirror to G(2, n) in section 4.5, we
derived a factor of
Π1 −Π2,
mirror to σ1 − σ2. This factor arose from the determinant of matrix of second derivatives of
the superpotential, and in fact can be traced directly to the second derivatives with respect
to Xµ˜. In effect, in our mirror, the W bosons are directly responsible for factors such as the
one above. Furthermore, we saw such factors arise more explicitly when integrating out the
Xµ˜ fields in section 4.7.
Phrased more simply, our proposal could be understood as a proposed UV completion of
the proposal in [1][appendix A], explicitly describing a set of fields (the Xµ˜ fields), together
with an orbifold, that give a higher-energy description of the integration measure factors
that [1][appendix A] utilize.
4.11 Comparison to Gomis-Lee’s proposed mirror
In [14][section 4], a proposal was made for the mirror of the the U(k) gauge theory corre-
sponding to the Grassmannian G(k, n), in the form of the S2 partition function of a Landau-
Ginzburg model with a nontrivial measure factor. We discussed this partition function in
section 3. Briefly, the S2 partition function discussed there is in agreement with what we
would expect from the theory described here. For example, their Landau-Ginzburg theory
does not explicitly include the X fields (associated with W bosons in the mirror), but it does
have extra factors of σa − σb in the partition function, which is what we would expect to
see after integrating out the mirror W bosons Xµν of this paper, as discussed in section 3.3.
Similarly, their proposed S2 partition function has a multiplicative factor of 1/|W |, for W
the Weyl group, which is consistent with the S2 partition function of a Weyl orbifold.
In principle, [14] only proposed a mirror for U(k) gauge theories, but analogous analyses
are straightforward for other Lie groups. For example, [56][section 5.1] rewrites the physical
partition function of a GLSM in the form of the partition function of a Landau-Ginzburg
model, with an extra measure factor that, following our section 3.3, we can identify with
integrated-out X fields. To summarize, after integrating out the fields Xµ˜, our propoposal
reduces to a Landau-Ginzburg model with modified integration measure of exactly the same
form as predicted for mirrors in [14][section 4] and [56][section 5.1].
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5 Example: Two-step flag manifold
In principle, the same proposal also applies to flag manifolds. To be concrete, let us work
out the proposed mirror to a two-step flag manifold, and check that it describes the correct
number of vacua.
Consider the two-step flag manifold F (k1, k2, n), k1 < k2 < n, which is described in
GLSMs as [57] as a U(k1)× U(k2) gauge theory with
• one set of chiral superfields in the (k1,k2) bifundamental representation,
• n chiral superfields in the (1,k2) representation.
(In other words, a representation of a quiver.)
Following our proposal, the mirror is an orbifold of a Landau-Ginzburg model with fields
• Y αa , a ∈ {1, · · · , k1}, α ∈ {1, · · · , k2}, corresponding to the bifundamentals,
• Y˜iα, i ∈ {1, · · · , n}, corresponding to the second set of matter fields,
• Xµν = exp(−Zµν), µ, ν ∈ {1, · · ·k1}, corresponding to the W bosons from the U(k1),
• X˜µ′,ν′ = exp(−Z˜µ′ν′), µ′, ν ′ ∈ {1, · · · , k2}, corresponding to the W bosons from the
U(k2),
• σh, σ˜h′, h ∈ {1, · · · , k1}, h′ ∈ {1, · · · , k2},
and superpotential
W =
k1∑
h=1
σh
(∑
a,α
ρhaαY
α
a +
∑
µ,ν
αhµνZµν − t
)
+
k2∑
h′=1
σ˜h′
(∑
a,β
ρh
′
aβY
β
a +
n∑
i=1
ρh
′
iαY˜iα +
∑
µ′,ν′
αh
′
µ′ν′Z˜µ′ν′ − t˜
)
+
∑
a,α
exp (−Y αa ) +
∑
i,α
exp
(
−Y˜iα
)
+
∑
µ,ν
Xµν +
∑
µ′,ν′
X˜µ′,ν′. (5.1)
In the expression above,
ρhaα = δ
h
a , ρ
h′
aα = −δ
h′
α , ρ
h′
iα = δ
h′
α , α
h
µν = −δ
h
µ + δ
h
ν , α
h′
µ′ν′ = −δ
h′
µ′ + δ
h′
ν′ , (5.2)
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so we can rewrite the superpotential as
W =
k1∑
h=1
σh
(∑
α
Y αh −
∑
ν 6=h
(Zhν − Zνh) − t
)
+
k2∑
h′=1
σ˜h′
(
−
∑
a
Y h
′
a +
∑
i
Y˜ih′ −
∑
ν′ 6=h′
(Z˜h′ν′ − Z˜ν′h′) − t˜
)
+
∑
a,α
exp (−Y αa ) +
∑
i,α
exp
(
−Y˜iα
)
+
∑
µ,ν
Xµν +
∑
µ′,ν′
X˜µ′ν′ . (5.3)
For reasons previously discussed, we focus on the untwisted sector of the Weyl group
orbifold. Integrating out σh, σ˜h′, we get the constraints∑
α
Y αh −
∑
ν 6=h
(Zhν − Zνh) = t, (5.4)
−
∑
a
Y h
′
a +
∑
i
Y˜ih′ −
∑
ν′ 6=h′
(
Z˜h′ν′ − Z˜ν′h′
)
= t˜, (5.5)
which we can solve as
Y k2h = −
k2−1∑
α=1
Y αh +
∑
ν 6=h
(Zhν − Zνh) + t, (5.6)
Y˜nk2 = −
n−1∑
i=1
Y˜ik2 +
∑
ν′ 6=k2
(
Z˜k2ν′ − Z˜ν′k2
)
+ t˜
+
k1∑
a=1
[
−
k2−1∑
α=1
Y αa +
∑
ν 6=a
(Zaν − Zνa) + t
]
(5.7)
and for h′ < k2,
Y˜nh′ = −
n−1∑
i=1
Y˜ih′ +
k1∑
a=1
Y h
′
a +
∑
ν′ 6=h′
(
Z˜h′ν′ − Z˜ν′h′
)
+ t˜. (5.8)
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For later use, define
Πa = exp
(
−Y k2a
)
, (5.9)
= q
(
k2−1∏
α=1
exp (+Y αa )
)(∏
ν 6=a
Xaν
Xνa
)
, (5.10)
Γα = exp
(
−Y˜nα
)
for α < k2, (5.11)
= q˜
(
n−1∏
i=1
exp
(
+Y˜iα
))( k1∏
a=1
exp (−Y αa )
)(∏
ν′ 6=α
X˜αν′
X˜ν′α
)
, (5.12)
T = exp
(
−Y˜nk2
)
, (5.13)
= q˜qk1
(
n−1∏
i=1
exp
(
+Y˜ik2
))( ∏
ν′ 6=k2
X˜k2ν′
X˜ν′k2
)
·
·
(
k1∏
a=1
k2−1∏
α=1
exp (+Y αa )
)(
k1∏
a=1
∏
ν 6=a
Xνa
Xaν
)
, (5.14)
for q = exp(−t), q˜ = exp(−t˜).
The superpotential then becomes
W =
k1∑
a=1
k2−1∑
α=1
exp(−Y αa ) +
n−1∑
i=1
k2∑
α=1
exp
(
−Y˜iα
)
+
∑
µ,ν
Xµν +
∑
µ′,ν′
X˜µ′ν′
+
k1∑
a=1
Πa +
k2−1∑
α=1
Γα + T. (5.15)
We compute the critical locus as follows:
∂W
∂Y αa
: exp (−Y αa ) = Πa − Γα + T,
∂W
∂Y˜iα
: exp
(
−Y˜iα
)
=
{
Γα, α 6= k2,
T, α = k2,
∂W
∂Xab
: Xab = −Πa +Πb,
∂W
∂X˜αβ
: X˜αβ =


−Γα + Γβ, α 6= k2, β 6= k2,
+Γβ − T, α = k2, β 6= k2,
−Γα + T, α 6= k2, β = k2.
As discussed earlier in section 4.2, we must require that the Xab and X˜αβ be nonzero.
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Also using the fact that exp(−Y ) 6= 0, we have
Πa 6= Γα − T, (5.16)
Γα 6= 0, (5.17)
T 6= 0, (5.18)
Πa 6= Πb for a 6= b, (5.19)
Γα 6= Γβ for α 6= β, (5.20)
Γα 6= T. (5.21)
These guarantee that the critical locus does not intersect the fixed point locus of the Weyl
orbifold.
On the critical locus, from the definitions we then find
Πa = q(−)
k1−1
(
k2−1∏
α=1
1
Πa − Γα + T
)
, (5.22)
(Γα)
n = q˜(−)k2−1
(
k1∏
a=1
(Πa − Γα + T )
)
, (5.23)
T n = q˜qk1(−)k2−1+k1(k1−1)
(
k1∏
a=1
k2−1∏
α=1
1
Πa − Γα + T
)
, (5.24)
= q˜(−)k2−1
(
k1∏
a=1
Πa
)
, (5.25)
where the simplification in (5.25) was derived using (5.22).
It is useful to compare to the operator mirror map. From equations (2.2), (2.3), we expect
that the A and B model variables should be related as
exp (−Y αa ) = σa − σ˜α, (5.26)
exp
(
−Y˜iα
)
= σ˜α, (5.27)
Xµν = −σµ + σν , (5.28)
X˜µ′ν′ = −σ˜µ′ + σ˜ν′ . (5.29)
These relations are consistent with the identities derived for the critical locus above if we
identify
σa = Πa + T, (5.30)
σ˜α =
{
Γα α < k2,
T α = k2.
(5.31)
52
Furthermore, applying the critical locus results (5.22), (5.23), (5.25), we see that
k2∏
α=1
(σa − σ˜α) = Πa
k2−1∏
α=1
(Πα − Γα + T ) , (5.32)
= (−)k1−1q, (5.33)
(σ˜α)
n = (Γα)
n for α < k2, (5.34)
= (−)k2−1q˜
(
k1∏
a=1
(Πa − Γα + T )
)
= (−)k2−1q˜
k1∏
a=1
(σa − σ˜α) , (5.35)
(σ˜k2)
n = T n, (5.36)
= (−)k2−1q˜
(
k1∏
a=1
Πa
)
= (−)k2−1q˜
k1∏
a=1
(σa − σ˜k2) . (5.37)
Now, let us compare to the A model. The one-loop effective action for F (k1, k2, n) on the
Coulomb branch was computed in [57][section 5.2], where in the notation of that reference,
it was shown that
k2∏
α=1
(Σ1a − Σ2α) = q1 for each a, (5.38)
(Σ2α)
n = q2
k1∏
a=1
(Σ1a − Σ2α) . (5.39)
If we identify σa = Σ1a, σ˜α = Σ2α, (−)k1−1q = q1, (−)k2−1q˜ = q2, then we see that the
algebraic equations for the proposed B model mirror match the Coulomb branch relations
derived from the A-twisted GLSM, including the Weyl group Sk1×Sk2 orbifold group action
which appears both here in the Landau-Ginzburg model and also on the Coulomb branch
of the A-twisted GLSM. Since the critical loci here match the critical loci of the one-loop
twisted effective superpotential of the original A-twisted GLSM for the flag manifold, the
number of vacua of the proposed B model mirror necessarily match those of the A model,
and the quantum cohomology ring of the A model matches the relations in the proposed B
model mirror.
Let us conclude with a comment on dualities. Flag manifolds have a duality analogous
to the duality G(k, n) ∼= G(n− k, n) of Grassmannians [57][section 2.4]:
F (k1, k2, n) ∼= F (n− k2, n− k1, n). (5.40)
In principle, we expect this duality to be realized in the same fashion as the symmetry
G(k, n) ∼= G(n − k, n), namely as an IR relation between two mirror Landau-Ginzburg
orbifolds. For example, from the analysis above for each of the two cases, the two mirrors
are guaranteed to have the same Coulomb branch relations and the same number of vacua.
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6 Example: Adjoint-valued matter
Consider an A-twisted GLSM with gauge group U(k), n chiral multiplets in the fundamental
representation, and one chiral multiplet in the adjoint representation, and no superpotential.
Following our proposal, the mirror is an Sk-orbifold of a Landau-Ginzburg model with
fields
• Yia, i ∈ {1, · · · , n}, a ∈ {1, · · · , k}, corresponding to the n fundamentals,
• Y˜µν , µ, ν ∈ {1, · · · , k}, corresponding to the adjoint matter representation,
• Xµν = exp(−Zµν), µ, ν ∈ {1, · · · , k}, µ 6= ν, corresponding to the W bosons,
• σa,
and superpotential
W =
∑
a
σa
(∑
ib
ρaibYib +
∑
µν
αaµν Y˜µν +
∑
µν
αaµνZµν − t
)
+
∑
i,a
exp (−Yia) +
∑
µ,nu
exp
(
−Y˜µν
)
+
∑
µ6=ν
Xµν . (6.1)
In the expression above,
ρaib = δ
a
b , α
a
µν = −δ
a
µ + δ
b
ν , (6.2)
so that we can rewrite the superpotential as
W =
k∑
a=1
σa
(∑
i
Yia +
∑
ν 6=a
(
−Y˜aν + Y˜νa
)
+
∑
ν 6=a
(−Zaν + Zνa) − t
)
+
∑
ia
exp (−Yia) +
∑
µ
exp
(
−Y˜µµ
)
+
∑
µ6=ν
exp
(
−Y˜µν
)
+
∑
µ6=ν
Xµν . (6.3)
Note that in this construction the fields Y˜µµ are decoupled from the rest of the fields, and
appear in the superpotential above only as∑
i
exp
(
−Y˜µµ
)
.
This reflects the fact that generically on the Coulomb branch of the original gauge theory,
they correspond to uncharged free fields with respect to the Cartan subgroup we have chosen.
(Of course, in the entire original gauge theory, they are not decoupled, but rather appear
54
decoupled at low energies on the Coulomb branch, which is the reason for this artifact of our
construction.) For purposes of comparison, the Hori-Vafa mirror [1] of a single uncharged
free chiral superfield consists of a single field Y with superpotential exp(−Y ). This is exactly
the structure we see above for the fields Y˜µµ, as expected.
In the rest of this section, we will focus on the untwisted sector of the orbifold, as the
critical locus does not intersect the fixed points of the orbifold.
Integrating out the fields σa, we get the constraints
n∑
i=1
Yia +
∑
ν 6=a
(
−Y˜aν + Y˜νa
)
+
∑
ν 6=a
(−Zaν + Zνa) = t, (6.4)
which we solve as
Yna = −
n−1∑
i=1
Yia −
∑
ν 6=a
(
−Y˜aν + Y˜νa
)
−
∑
ν 6=a
(−Zaν + Zνa) + t. (6.5)
Define
Πa = exp (−Yna) , (6.6)
= q
(
n−1∏
i=1
exp (+Yia)
)(∏
ν 6=a
exp
(
−Y˜aν + Y˜νa
))(∏
ν 6=a
Xaν
Xνa
)
, (6.7)
where q = exp(−t). Then, the superpotential becomes
W =
n−1∑
i=1
∑
a
exp (−Yia) +
∑
µ
exp
(
−Y˜µµ
)
+
∑
µ6=ν
exp
(
−Y˜µν
)
+
∑
µ6=ν
Xµν
+
∑
a
Πa. (6.8)
We compute the critical locus as follows:
∂W
∂Yia
: exp (−Yia) = Πa,
∂W
∂Y˜µν
: exp
(
−Y˜µν
)
=
{
−Πµ +Πν µ 6= ν,
0 µ = ν,
∂W
∂Xµν
: Xµν = −Πµ +Πν .
We shall omit the decoupled fields Y˜µµ from the rest of our analysis.
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As discussed in section 4.2, we exclude the loci {Xµν = 0}, where the superpotential has
poles, which implies the constraint
Πµ 6= Πν (6.9)
for µ 6= ν. (As a result, the critical locus does not intersect any orbifold fixed points.) This
can also be established from the fact that exp(−Y˜ ) 6= 0. Furthermore, since exp(−Y ) 6= 0,
we also have that each Πa 6= 0.
Then, plugging into definition (6.7), we find
(Πµ)
n = q. (6.10)
The operator mirror map (2.2), (2.3) in this case states
exp (−Yia) =
∑
b
σbρ
b
ia = σa, (6.11)
exp
(
−Y˜µν
)
=
{ ∑
b σaα
b
µν = −σµ + σν µ 6= ν,
0 µ = ν,
(6.12)
Xµν =
∑
a
σaα
a
µν = −σµ + σν . (6.13)
Comparing to the critical locus equations, we find immediately that
Πa ↔ σa. (6.14)
Now, let us compare to corresponding A model Coulomb branch results. From [3][equ’n
(3.36)], the one-loop twisted effective superpotential for the original gauge theory, for distinct,
large but otherwise generic σa, has the form
W˜ =
∑
a
σa
(
it −
n∑
i=1
k∑
c=1
ρaic ln
(
k∑
b=1
ρbicσb
)
−
∑
µ6=ν
αaµν ln
(
k∑
b=1
αbµνσb
))
, (6.15)
=
∑
a
σa
(
it − n lnσa −
∑
µ6=ν
(
−δaµ + δ
a
ν
)
ln (−σµ + σν)
)
, (6.16)
=
∑
a
σa (it − n lnσa) −
(
k
2
)
πi, (6.17)
from which we derive the critical locus
(σa)
n = q˜ (6.18)
for some constant q˜. Given the operator mirror map, this clearly matches our mirror equa-
tion (6.10), confirming that our proposed mirror is functioning correctly in this case.
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7 Example: Symmetric m-tensor-valued matter
Consider an A-twisted GLSM with gauge group U(k), n chiral multiplets in the fundamental
representation, and one chiral multiplet in the representation Symmk. (We assume m < k,
for simplicity.)
Following our proposal, the mirror is an Sk-orbifold of a Landau-Ginzburg model with
fields
• Yia, i ∈ {1, · · · , n}, a ∈ {1, · · · , k}, corresponding to the n fundamentals,
• Y˜a1···am , symmetric in its indices a1, · · · , am ∈ {1, · · · , k}, corresponding to the sym-
metric matter representation,
• Xµν = exp(−Zµν), µ, ν ∈ {1, · · · , k}, corresponding to the W bosons,
• σa,
and superpotential
W =
∑
a
σa
(∑
ib
ρaibYib +
∑
a1≤···≤am
ρaa1···am Y˜a1···am +
∑
µν
αaµνZµν − t
)
+
∑
i,a
exp (−Yia) +
∑
a1≤···≤am
exp
(
−Y˜a1···am
)
+
∑
µ6=ν
Xµν . (7.1)
In the expression above,
ρaib = δ
a
b , ρ
a
a1···am = δ
a
a1 + δ
a
a2 + · · ·+ δ
a
am , α
a
µν = −δ
a
µ + δ
a
ν , (7.2)
so that we can write the superpotential as
W =
k∑
a=1
σa

∑
i
Yia +
m∑
j=1
∑
a1≤···≤aˆj≤···≤am
Y˜a1···aj−1aaj+1···am +
∑
ν
(−Zaν + Zνa) − t


+
∑
i,a
exp (−Yia) +
∑
a1≤···≤am
exp
(
−Y˜a1···am
)
+
∑
µ6=ν
Xµν . (7.3)
Integrating out the σa, we get the constraints
∑
i
Yia +
m∑
j=1
∑
a1≤···≤aˆj≤···≤am
Y˜a1···aj−1aaj+1···am +
∑
ν
(−Zaν + Zνa) = t, (7.4)
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which we can solve as
Yna = −
n−1∑
i=1
Yia −
m∑
j=1
∑
a1≤···≤aˆj≤···≤am
Y˜a1···aj−1aaj+1···am −
∑
ν 6=a
(−Zaν + Zνa) + t. (7.5)
Define
Πa = exp (−Yna) , (7.6)
= q
(
n−1∏
i=1
exp (+Yia)
) m∏
j=1
∏
a1≤···≤aˆj≤···≤am
exp
(
+Y˜a1···aj−1aaj+1···am
) ·
·
(∏
ν 6=a
Xaν
Xνa
)
, (7.7)
where q = exp(−t). Then, the superpotential becomes
W =
n−1∑
i=1
∑
a
exp (−Yia) +
∑
a1≤···≤am
exp
(
−Y˜a1···am
)
+
∑
µ6=ν
Xµν
+
∑
a
Πa. (7.8)
Excluding the loci {Xµν = 0} as in section 4.2, we see the vacua are restricted to Xµν 6= 0,
and therefore do not intersect the fixed points of the Weyl orbifold. As a result, we do not
expect any contributions to vacua from twisted sectors.
We compute the critical locus as follows:
∂W
∂Yia
: exp (−Yia) = Πa,
∂W
∂Y˜a1···am
: exp
(
−Y˜a1···am
)
= Πa1 +Πa2 + · · ·+Πam ,
∂W
∂Xµν
: Xµν = −Πµ +Πν .
Then, plugging into the definition (7.7), we find
(Πa)
n = q

 m∏
j=1
∏
a1≤···≤aˆj≤···≤am
1
Πa1 + · · ·+Πaj−1 +Πa +Πaj+1 + · · ·+Πam

 (−)k−1, (7.9)
and as before, from the equation for Xµν and the fact that the potential diverges when
Xµν = 0, we find that the Πa are all distinct.
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The operator mirror map (2.2), (2.3) in this case states
exp (−Yia) =
∑
a
σbρ
b
ia = σa, (7.10)
exp
(
−Y˜a1···am
)
=
∑
b
σbρ
b
a1···am
= σa1 + · · ·+ σam , (7.11)
Xµν =
∑
a
σaα
a
µν = −σµ + σν . (7.12)
Comparing to the critical locus equations, we find immediately that
Πa ↔ σa. (7.13)
Now, let us compare to corresponding A model Coulomb branch results. From [3][equ’n
(3.36)], the one-loop twisted effective superpotential for the original gauge theory, for distinct,
large but otherwise generic σa, has the form
W˜ =
∑
a
σa
(
it −
n∑
i=1
k∑
c=1
ρaic ln
(
k∑
b=1
ρbicσb
)
−
∑
a1≤···≤am
ρaa1···am ln
(
k∑
b=1
ρba1···amσb
))
, (7.14)
=
∑
a
σa
(
it − n
k∑
c=1
ln σc
−
∑
a1≤···≤am
(
δaa1 + · · ·+ δ
a
am
)
ln
(∑
b
(
δba1 + · · ·+ δ
b
am
)
σb
))
, (7.15)
from which we derive the critical locus
(σa)
n

 m∏
j=1
∏
a1≤···≤aˆj≤···≤am
(
σa1 + · · ·+ σaj−1 + σa + σaj + · · ·σam
) = q˜, (7.16)
where q˜ is some constant. Given the operator mirror map, this clearly matches our mirror
equation (7.9), confirming that our proposed mirror is functioning correctly in this case.
8 Example: SU(k) gauge theory with twisted masses
In this section we will consider the mirror of an SU(k) gauge theory with n fields in the
fundamental representation. We will also turn on generic twisted masses.
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Following our proposal, the mirror is an Sk-orbifold of a Landau-Ginzburg model with
fields
• Yiα, i ∈ {1, · · · , n}, α ∈ {1, · · · , k}, corresponding to the n fundamentals,
• Xµν = exp(−Zµν), µ, ν ∈ {1, · · ·k}, Zµν = 0 for µ = ν but not (anti)symmetric,
• σa, a ∈ {1, · · · , k − 1},
and superpotential
W =
k−1∑
a=1
σa
(∑
iα
ρaiαYiα +
∑
µν
αaµνZµν
)
+
∑
i,α
exp (−Yiα) +
∑
µν
Xµν −
∑
i,α
m˜iYiα. (8.1)
Between Z and X , we take X to be the fundamental field. In the expression above,
ρaiα = δ
a
α − δ
k
α, α
a
µν = −δµ,a + δµ,k + δν,a − δν,k, (8.2)
corresponding to Cartan generators of the form diag(0, · · · , 0, 1, 0, · · · , 0,−1). Also, since
this is an SU gauge theory, there is no FI parameter, so there is no t in the mirror above.
It will sometimes be helpful to work with a different representation of the same theory,
in terms of k fields σ˜α obeying the constraint
k∑
α=1
σ˜α = 0. (8.3)
We can understand this description and its relation to the Landau-Ginzburg model above
by adding an additional Lagrange multiplier λ and working with the superpotential
W =
k∑
α=1
σ˜α
(∑
iβ
ρ˜αiβYiβ +
∑
µν
α˜αµνZµν
)
+ λ
k∑
α=1
σ˜α
+
∑
i,α
exp (−Yiα) +
∑
µν
Xµν −
∑
i,α
m˜iYiα, (8.4)
where
ρ˜αiβ = δ
α
β , α˜
α
µν = −δ
α
µ + δ
α
ν , (8.5)
the same as for U(k). The Weyl group orbifold Sk acts on this presentation by permuting
the α indices in the obvious way. Integrating out λ gives the constraint (8.3), which we can
use to eliminate σ˜k:
σ˜k = −
k−1∑
a=1
σ˜a. (8.6)
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Plugging this back in, and identifying σa = σ˜a for a < k, we recover the superpotential (8.1)
with
ρaiβ = ρ˜
a
iβ − ρ˜
k
iβ, α
a
µν = α˜
a
µν − α˜
k
µν . (8.7)
Since the other examples of Weyl group actions in this paper have been simpler than
this case, let us also briefly but explicitly describe the Weyl group orbifold for the special
case of SU(3). For three σ˜s, the Weyl group orbifold is an obvious S3 action, but once one
integrates out σ˜3, it is a bit more complicated. Three roots, which we can take to be the
positive roots, can be read off from the expressions above:
X21 ∼ (1,−1), X31 ∼ (2, 1), X32 ∼ (1, 2), (8.8)
with X12, X13, and X23 corresponding to root vectors of opposite signs. These statements
are equivalent to writing
〈σ˜, α21〉 = σ˜1 − σ˜2, 〈σ˜, α31〉 = 2σ˜1 + σ˜2, 〈σ˜, α32〉 = σ˜1 + 2σ˜2. (8.9)
The Weyl reflection defined by 21 maps
X32 ↔ X31, X21 ↔ X12, (8.10)
the Weyl reflection defined by 31 maps
X21 ↔ −X32 = X23, X31 ↔ X13, (8.11)
and the Weyl reflection defined by 32 maps
X21 ↔ X31, X32 ↔ X23, (8.12)
and these are represented by the following three matrices, corresponding to 21, 31, and 32,
respectively: [
0 1
1 0
]
,
[
−1 0
−1 1
]
,
[
1 −1
0 −1
]
. (8.13)
The action on σ˜1, σ˜2 is described by the transpose matrices, so that under the three Weyl
reflections above, [
σ˜1
σ˜2
]
7→
[
σ˜2
σ˜1
]
,
[
−σ˜1 − σ˜2
σ˜2
]
,
[
σ˜1
−σ˜1 − σ˜2
]
. (8.14)
These (partially) define the Weyl orbifold action on the fields above, and it is straightforward
to check that the superpotential is invariant. For example, it is straightforward to check that
under the Weyl reflection defined by 21,
〈σ˜, α32〉 = σ˜1 + 2σ˜2 7→ σ˜2 + 2σ˜1 = 〈σ˜, α31〉, (8.15)
61
consistent with the statement that this Weyl reflection maps X32 to X31.
Now, let us return to expression (8.1). Integrating out the σa gives the constraint
n∑
i=1
(Yi,a − Yi,k) +
∑
µ
(−Za,µ + Zk,µ + Zµ,a − Zµ,k) = 0, (8.16)
which can be solved to eliminate Yna for a < k:
Yn,a = −
n−1∑
i=1
Yia +
n∑
i=1
Yi,k +
∑
|mu
(Zaµ − Zµa − Zk,µ + Zµk) . (8.17)
Define for a ∈ {1, · · · , k − 1}
Πa = exp (−Yn,a) , (8.18)
=
(
n−1∏
i=1
exp (+Yia)
)(
n∏
i=1
exp (−Yik)
)(∏
µ6=a
Xaµ
Xµa
)(∏
µ6=k
Xµk
Xkµ
)
, (8.19)
for Xµν = exp(−Zµν). The superpotential then becomes
W =
n−1∑
i=1
k∑
α=1
exp (−Yiα) + exp (−Yn,k) +
∑
µν
Xµν +
k−1∑
a=1
Πa
− m˜nYn,k −
n−1∑
i=1
k∑
α=1
m˜iYiα
−
k−1∑
a=1
m˜n
(
−
n−1∑
i=1
Yi,a +
n∑
i=1
Yi,k +
∑
µ
(Za,µ − Zk,µ − Zµ,a + Zµ,k)
)
. (8.20)
The critical locus is determined by
∂W
∂Yiα
: exp (−Yiα) =


Πα − m˜i + m˜n i < n, α < k,
Πα i = n, α < k,
−(
∑k−1
a=1 Πa)− m˜i − (k − 1)m˜n i < n, α = k,
−(
∑k−1
a=1 Πa)− km˜n i = n, α = k,
∂W
∂Xµν
: Xµν =


−Πµ +Πν µ < k, ν < k,
(
∑k−1
a=1Πa) + Πν + km˜n µ = k, ν < k,
−Πµ − (
∑k−1
a=1 Πa)− km˜n µ < k, ν = k.
In the expressions above, Ynα for α < k was eliminated as a dynamical field using the
constraints, but Πα is defined to be exp(−Ynα) for α < k using the constraint solution.
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Note that since exp(−Y ) 6= 0, on the critical locus,
Πa + m˜n 6= m˜i, −
k−1∑
b=1
(Πb + m˜n) 6= m˜i, (8.21)
for all a, i, and as before excluding the locus {Xµν = 0} (µ 6= ν),
Πa + m˜n 6= Πb + m˜n 6= −
k−1∑
c=1
(Πc + m˜n) , (8.22)
for all a 6= b.
Plugging into the definition (8.19) of Πa, we find
Πa
(
n−1∏
i=1
(Πa + m˜n − m˜i)
)
=
(
−
∑
b
(Πb + m˜n)− m˜n
)
·
·
n−1∏
i=1
[
−
∑
b
(Πb + m˜n)− m˜i
]
. (8.23)
Next, we would like to compare to the results for the original gauge theory described in
[15][section 3]. The conventions used there involve k fields σ˜α, subject to the constraint (8.3).
In terms of such variables, using earlier work in this section, the operator mirror map (2.5),
(2.6) says
exp (−Yiα) = −m˜i +
k∑
β
σ˜βρ
α
iβ , (8.24)
= −m˜i + σ˜α, (8.25)
Xµν =
∑
α
σ˜αα˜
α
µν . (8.26)
= −σ˜µ + σ˜ν . (8.27)
Comparing to the critical locus, we see that
σ˜α =
{
Πα + m˜n, α < k,
−
∑k−1
b=1 (Πb + m˜n) α = k,
(8.28)
which satisfy
σ˜1 + · · ·+ σ˜k = 0.
Note in this language that since we excluded loci where any Xµν = 0, the solutions for σ˜α
must be distinct, and also since exp(−Yiα) 6= 0, σα 6= m˜i for all i and α, rewriting the
constraints (8.21), (8.22).
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In these variables, we can rewrite the critical locus equation (8.23) as
n∏
i=1
(σ˜α − m˜i) =
n∏
i=1
(σ˜k − m˜i) , (8.29)
meaning that
n∏
i=1
(σ˜α − m˜i) (8.30)
is independent of α.
This result precisely matches that of [15][section 3]. They work with k σ˜’s obeying
σ˜1 + · · ·+ σ˜k = 0,
and furthermore, assume the σa are all distinct and also different from all twisted masses,
which we have derived algebraically in the proposed mirror in equations (8.21), (8.22). They
then compute the effective superpotential
W˜ = −
∑
i
k∑
α=1
(σ˜α − m˜i) (ln (σ˜α − m˜i)− 1) ,
from which they derive the vacuum equations∏
i
(σ˜α − m˜i) = exp(−λ), (8.31)
k∑
α=1
σ˜α = 0, (8.32)
for λ a Lagrange multiplier enforcing the second condition above, the constraint that the
sum of the σ˜α vanish. In particular, this means that the quantity (8.30) is independent of
α, just as we have derived algebraically in our proposed mirror, and so the results from our
proposed mirror match the analysis of [15][section 3] for the original gauge theory.
9 Example: SO(2k) gauge theory
For most of this paper we so far have considered U(k) gauge theories. In this section we
will consider an SO(2k) gauge theory, with n fields in the vector representation, to explictily
demonstrate how our mirror proposal can be applied to other gauge groups, and to compare
to results in the literature.
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9.1 Mirror proposal
Proceeding as in e.g. [58], although the vector representation is real, we will take the mat-
ter of the theory to consist of n (complex) chiral superfields, implicitly complexifying the
representation.
The original gauge theory is then an SO(2k) gauge theory with n chiral superfields φai
in the vector representation.
Following our proposal, the mirror is a Weyl-group-orbifold of a Landau-Ginzburg model
with fields
• Yiα, i ∈ {1, · · · , n}, α ∈ {1, · · · , 2k},
• Xµν = exp(−Zµν), Xµν = X−1νµ , Zµν = −Zνµ, µ, ν ∈ {1, · · · , 2k}, (excluding
9 X2a−1,2a,
Z2a−1,2a), corresponding to the W bosons,
• σa, a ∈ {1, · · · , k},
and superpotential
W =
k∑
a=1
σa
(∑
iαβ
ρaiαβYiβ +
∑
µ<ν;µ′,ν′
αaµν,µ′ν′Zµ′ν′ − t
)
+
∑
iα
exp (−Yiα) +
∑
µ<ν
Xµν
−
∑
i,α
m˜i
(
Yiα −
∑
β
ρaiαβt
)
. (9.1)
Since the gauge group is semisimple, there is no continuous FI parameter; however, as noted
in [16][section 4], [59–61], for k > 1, there is a possible10 Z2 discrete theta angle (due to the
fact that π1(SO(m)) = Z2 for m ≥ 3), so we have included t, which can take the values
{0, πi}.
In the expression above,
ρaiαβ = δα,2a−1δβ,2a − δβ,2a−1δα,2a, (9.2)
αaµν,µ′ν′ = δνν′ (δµ,2a−1δµ′,2a − δµ,2aδµ′,2a−1)
+ δµµ′ (δν,2a−1δν′,2a − δν,2aδν′,2a−1) . (9.3)
9 These correspond to elements of a Cartan subalgebra we use in defining constraints associated to the
fields σa.
10 See also [62, 63] for four-dimensional versions of these discrete theta angles.
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The Lie algebra of SO(2n) can be described as imaginary antisymmetric matrices, and we
have implicitly absorbed factors of −i in typical definitions of Cartan generators into the Lie
algebra matrices. For example, ρaiαβ is essentially taken from [64][chapter 19.1], and α
a
µν,µ′ν′
can be computed as the commutator of a block-diagonal matrix with i times Pauli matrix
σ2 in one block, with the matrix of Z’s. As a consistency check, note that∑
µ′,ν′
αaµν,µ′ν′Zµ′ν′ = δµ,2a−1Z2a,ν + δν,2a−1Zµ,2a − δµ,2aZ2a−1,ν − δν,2aZµ,2a−1
is antisymmetric in µ, ν, as expected.
Now, let us describe the Weyl group orbifold explicitly, and check that the superpotential
is invariant. The Weyl group W of SO(2k) is [21][section 18.1] K ⋊ Sk ⊂ (Z2)k ⋊ Sk,
equivalently
1 −→ K −→ W −→ Sk −→ 1,
whereK is the subgroup of (Z2)
k with an even number of nontrivial generators, and (Z2)
k
⋊Sk
is the Weyl group of SO(2k + 1). The Sk permutes the S
1 factors in the maximal torus as
well as factors in (Z2)
k, and generator of the ith Z2 in (Z2)
k multiplies the ith factor in the
maximal torus by −1.
The Weyl group action on the σa is identical to its action on the σa of the A-model
Coulomb branch. Specifically, the Weyl group acts on σa’s by permutating the a’s and also
by acting on the σa’s with signs, as (see e.g. [16][equ’n (4.16)]
σa 7→ ǫaσa, (9.4)
where for gauge group SO(2k) the ǫa obey
ǫ1 · · · ǫk = 1,
(The Weyl group for SO(2k+1) is nearly identical, except that there is no constraint on the
product of the signs.)
The Weyl group action on the Y ’s is to permute two-element blocks defined by
{Yi,2a−1, Yi,2a},
and the sign elements of the Weyl group, that flip the signs of the σa’s, act on the Y ’s by
exchanging elements of a given two-element block, as Yi,even ↔ Yi,odd. The Weyl group action
on Z’s is similar: a combination of permutations of 2× 2 blocks, and interchanging odd and
even elements of a given block.
Now, let us check invariance of the superpotential. The terms∑
iα
exp (−Yiα) +
∑
µ<ν
Xµν −
∑
i,α
m˜iYiα (9.5)
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are invariant because the Weyl group simply interchanges Y ’s with Y ’s and X ’s with X ’s.
The constraint terms
k∑
a=1
σa
(∑
iαβ
ρaiαβYiβ +
∑
µ<ν;µ′,ν′
αaµν,µ′ν′Zµ′ν′ − t
)
(9.6)
are also invariant, but less trivially. The part of the Weyl group that acts by permutations
of a’s manifestly leaves this expression intact. The part of the Weyl group that acts by Z2’s
is less trivial. From the expressions (9.2), (9.3) for ρaiαβ and α
a
µν,µ′ν′ , we see that under the
sign part of the Weyl group, the terms∑
iαβ
ρaiαβYiβ +
∑
µ<ν;µ′,ν′
αaµν,µ′ν′Zµ′ν′
are antisymmetric. That antisymmetry is cancelled out by the fact that it is multiplied by
σa which also picks up a sign. The only remaining term is σat, and since t is only defined
mod 2 (as it is a Z2 discrete theta angle), we see that this term too is well-defined. Thus,
the superpotential is invariant under all parts of the Weyl group.
As in previous examples, the critical locus of the superpotential is located away from
orbifold fixed points, so we do not expect any twisted sector contributions to vacua.
9.2 Critical loci
Now that we have defined the model and checked that the superpotential is invariant under
the orbifold group action, let us begin analyzing critical loci. Integrating out the σa gives
the constraint
n∑
i=1
(Yi,2a − Yi,2a−1) +
∑
ν>2a
(Z2a,ν − Z2a−1,ν) +
∑
µ<2a−1
(Zµ,2a − Zµ,2a−1) = t, (9.7)
which we can use to eliminate Yn,2a as
Yn,2a = −
n−1∑
i=1
Yi,2a +
n∑
i=1
Yi,2a−1 −
∑
ν>2a
(Z2a,ν − Z2a−1,ν)−
∑
µ<2a−1
(Zµ,2a − Zµ,2a−1) + t. (9.8)
Define
Πa = exp (−Yn,2a) , (9.9)
= q
(
n−1∏
i=1
exp (+Yi,2a)
)(
n∏
i=1
exp (−Yi,2a−1)
)
·
·
(∏
ν>2a
X2a−1,ν
X2a,ν
)( ∏
µ<2a−1
Xµ,2a−1
Xµ,2a
)
, (9.10)
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where q = exp(−t).
The superpotential then reduces to
W =
n−1∑
i=1
k∑
a=1
exp (−Yi,2a) +
n∑
i=1
k∑
a=1
exp (−Yi,2a−1) +
∑
µ<ν
Xµν +
k∑
a=1
Πa
−
n−1∑
i=1
∑
a
m˜iYi,2a −
n∑
i=1
∑
a
m˜iYi,2a−1
− m˜n
∑
a
(
−
n−1∑
i=1
Yi,2a +
n∑
i=1
Yi,2a−1 −
∑
ν>2a
(Z2a,ν − Z2a−1,ν)
−
∑
µ<2a−1
(Zµ,2a − Zµ,2a−1)
)
(9.11)
(omitting constant terms). Note that X2a,ν 6= 0 for a > 1 and Xµ,2a 6= 0, as the potential
diverges at such points.
The critical locus is computed as follows:
∂W
∂Yi,2a
: exp (−Yi,2a) = Πa − m˜i + m˜n,
∂W
∂Yi,2a−1
: exp (−Yi,2a−1) = −Πa − m˜i − m˜n,
∂W
∂Xµν
: X2a,2b = Πa +Πb + 2m˜n for a < b,
X2a,2b−1 = Πa − Πb for a < b,
X2a−1,2b = −Πa +Πb for a < b,
X2a−1,2b−1 = −Πa −Πb − 2m˜n for a < b.
The constraints on Xµν can be summarized as
Xµν =
∑
a
(δµ,2a − δµ,2a−1)Πa +
∑
a
(δν,2a − δν,2a−1) Πa
+ m˜n
∑
a
(δµ,2a − δµ,2a−1) + m˜n
∑
a
(δν,2a − δν,2a−1) , (9.12)
for µ < ν. The cases X2a−1,2a are omitted as these do not correspond to propagating fields –
they correspond to elements of the pertinent Cartan, and so there are no corresponding W
bosons.
Since exp(−Y ) 6= 0, we see immediately from the first two lines that
Πa + m˜n 6= ±m˜i, (9.13)
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for any a, i. In addition, since as in section 4.2 we exclude the loci X2a,ν = 0 and since for
a 6= b,
X2a,2b = Πa +Πb + 2m˜n, X2a,2b−1 = Πa −Πb,
we see that the Πa must be distinct from one another, and in addition,
Πa + m˜n 6= − (Πb + m˜n)
for a 6= b, hence in general for a 6= b,
Πa + m˜n 6= ± (Πb + m˜n) . (9.14)
On the critical locus, from the definition (9.10) of Πa, we find
Πa
n−1∏
i=1
(Πa − m˜i + m˜n) = q
n∏
i=1
(−Πa − m˜i − m˜n) . (9.15)
Let us now compare to the results for the A-twisted GLSM described in [16][section 4].
First, the operator mirror map (2.5), (2.6) is given by
exp (−Yiα) = −m˜i +
k∑
a=1
∑
i,β
σaρ
a
iβα, (9.16)
= −m˜i +
∑
a
(δα,2aσa − δα,2a−1σa) , (9.17)
= −m˜i +
{
σa α = 2a,
−σa α = 2a− 1,
(9.18)
Xµν =
k∑
a=1
∑
µ′<ν′
σaα
a
µ′ν′,µν , (9.19)
=
∑
a
(δµ,2a − δµ,2a−1 + δν,2a − δν,2a−1) σa for µ < ν. (9.20)
Comparing the operator mirror map above and the critical locus equations, we find
exp (−Yi,2a) = Πa − m˜i + m˜n,
= −m˜i + σa,
exp (−Yi,2a−1) = −Πa − m˜i − m˜n,
= −m˜i − σa,
from which we find
σa = Πa + m˜n.
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(Note that Yn,2a was eliminated as a dynamical field, but we have used the definition of Πa
to extend the expression above for exp(−Yi,2a) to the case i = n.)
Comparing expressions for X ’s, we similarly find for µ < ν
Xµν =
∑
a
(δµ,2a − δµ,2a−1 + δν,2a − δν,2a−1) (Πa + m˜n) ,
=
∑
a
(δµ,2a − δµ,2a−1 + δν,2a − δν,2a−1) (σa) ,
hence
σa = Πa + m˜n,
consistent with the result above.
Applying the operator mirror map, equation (9.15) for Πa becomes
n∏
i=1
(σa − m˜i) = q
n∏
i=1
(−σa − m˜i) . (9.21)
By comparison, reference [16][equ’n (4.15)] gives for this model for suitable discrete theta
angle,
n∏
i=1
(σa − m˜i) = (−)
n+1
n∏
i=1
(−σa − m˜i) ,
which matches (9.21) for suitable q. (Remember that since there is only a discrete Z2 theta
angle in this theory, q = ±1.)
Furthermore, reference [16][equ’n (4.17)] gives the following constraints on Coulomb
vacua:
σa 6= ±m˜i, σa 6= ±σb for a 6= b. (9.22)
Under the operator mirror map above, it is trivial to see that these match the algebraic
constraints (9.13), (9.14) that we derived in the proposed mirror B model.
As a consistency check, let us compare the Weyl group action on the σ’s. Briefly, the
Weyl group for SO(2k) acts by permuting the σa as well as by signs, as (see e.g. [16][equ’n
(4.16)]
σa 7→ ǫaσa, (9.23)
where for gauge group SO(2k) the ǫa obey
ǫ1 · · · ǫk = 1,
(The Weyl group for SO(2k+1) is nearly identical, except that there is no constraint on the
product of the signs.) Here, we see that the Weyl group action on the σa is mirror to the
Landau-Ginzburg model as follows:
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• the signs on the σ’s act by exchanging Yi,even with Yi,odd, and similarly on the X ’s,
• the permutation elements permute a’s.
In any event, since we now have the same equations as in [16][section 4], the rest of the
physics analysis proceeds identically. For example, consider the number of vacua. Equa-
tion (9.21) is symmetric under σ 7→ −σ, and since it is of degree n, if n is even there are
n/2 pairs ±σ of roots. Hence, in order to get k distinct vacua obeying σa 6= ±σb for a 6= b,
a necessary condition is that n ≥ 2k. If n < 2k, there are no Coulomb branch vacua. If
there are also no mixed or Higgs branch vacua, then supersymmetry is broken, as described
in [16][section 4].
10 Example: SO(2k + 1) gauge theory
Next we will consider the mirror of an A-twisted SO(2k + 1) gauge theory with n chiral
superfields in the vector representation. Much of the analysis will be very similar to the
SO(2k) case, so we will be brief.
Following our proposal, the mirror is a Weyl-group-orbifold of a Landau-Ginzburg model
with fields
• Yiα, i ∈ {1, · · · , n}, α ∈ {1, · · · , 2k + 1},
• Xµν = exp(−Zµν), Xµν = X−1νµ , Zµν = −Zνµ, µ, ν ∈ {1, · · · , 2k + 1}, (excluding
11
X2a−1,2a, Z2a−1,2a), corresponding to the W bosons,
• σa, a ∈ {1, · · · , k},
and superpotential
W =
k∑
a=1
σa
(∑
iαβ
ρaiαβYiβ +
∑
µ<ν;µ′,ν′
αaµν,µ′ν′Zµ′ν′ − t
)
+
∑
iα
exp (−Yiα) +
∑
µ<ν
Xµν
−
∑
i,α
m˜i
(
Yiα −
∑
β
ρaiαβt
)
. (10.1)
11 These correspond to elements of a Cartan subalgebra we use in defining constraints associated to the
σa.
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As before, there is a discrete Z2 theta angle, and
ρaiαβ = δα,2a−1δβ,2a − δβ,2a−1δα,2a, (10.2)
αaµν,µ′ν′ = δνν′ (δµ,2a−1δµ′,2a − δµ,2aδµ′,2a−1)
+ δµµ′ (δν,2a−1δν′,2a − δν,2aδν′,2a−1) , (10.3)
identical to the SO(2k) case. Note that the group action encoded in ρ leaves Yi,2k+1 invariant
– this reflects the fact that the vector representation has one component which is neutral
under the Cartan subalgebra [64][chapter 19.2].
The Weyl group action is nearly identical to the SO(2k) case – an extension
1 −→ (Z2)
k −→ W −→ Sk −→ 1,
with the only difference being that the kernel is all of (Z2)
k, rather than the subgroup that
leaves the overall product invariant. Its action on the fields is the same as before, leaving
Yi,2k+1 invariant, for example.
Integrating out the σa gives the same constraint as before,
n∑
i=1
(Yi,2a − Yi,2a−1) +
∑
ν>2a
(Z2a,ν − Z2a−1,ν) +
∑
µ<2a−1
(Zµ,2a − Zµ,2a−1) = t, (10.4)
which we can use to eliminate Yn,2a as
Yn,2a = −
n−1∑
i=1
Yi,2a+
n∑
i=1
Yi,2a−1−
∑
ν>2a
(Z2a,ν − Z2a−1,ν)−
∑
µ<2a−1
(Zµ,2a − Zµ,2a−1)+ t. (10.5)
As before, we define
Πa = exp (−Yn,2a) , (10.6)
= q
(
n−1∏
i=1
exp (+Yi,2a)
)(
n∏
i=1
exp (−Yi,2a−1)
)
·
·
(∏
ν>2a
X2a−1,ν
X2a,ν
)( ∏
µ<2a−1
Xµ,2a−1
Xµ,2a
)
, (10.7)
where q = exp(−t).
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The superpotential then reduces to
W =
n−1∑
i=1
k∑
a=1
exp (−Yi,2a) +
n∑
i=1
k∑
a=1
exp (−Yi,2a−1) +
n∑
i=1
exp (−Yi,2k+1)
+
∑
µ<ν
Xµν +
k∑
a=1
Πa −
n−1∑
i=1
∑
a
m˜iYi,2a −
n∑
i=1
∑
a
m˜iYi,2a−1 −
n∑
i=1
m˜iYi,2k+1
− m˜n
∑
a
(
−
n−1∑
i=1
Yi,2a +
n∑
i=1
Yi,2a−1 −
∑
ν>2a
(Z2a,ν − Z2a−1,ν)
−
∑
µ<2a−1
(Zµ,2a − Zµ,2a−1)
)
(10.8)
(omitting constant terms). For reasons described earlier, we take X2a,ν 6= 0 for a > 1 and
Xµ,2a 6= 0.
Note that in this construction the fields Yi,2k+1 are essentially decoupled from the rest of
the fields, and if we omit the twisted masses, appear in the superpotential above only as∑
i
exp (−Yi,2k+1) .
This reflects the fact that generically on the Coulomb branch of the original gauge theory,
they act as uncharged free fields with respect to the Cartan subalgebra we have chosen.
(Of course, in the entire original gauge theory, they are not decoupled, but rather appear
decoupled at low energies on the Coulomb branch, which is the reason for this artifact of our
construction.) For purposes of comparison, the Hori-Vafa mirror [1] of a single uncharged
free chiral superfield consists of a single field Y with superpotential exp(−Y ). This is exactly
the structure we see above for the fields Yi,2k+1), as expected. (We saw the same phenomenon
in the case of adjoint-valued fields in section 6.)
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The critical locus is computed as before:
∂W
∂Yi,2a
: exp (−Yi,2a) = Πa − m˜i + m˜n,
∂W
∂Yi,2a−1
: exp (−Yi,2a−1) = −Πa − m˜i − m˜n,
∂W
∂Yi,2k+1
: exp (−Yi,2k+1) = −m˜i,
∂W
∂Xµν
: X2a,2b = Πa +Πb + 2m˜n for a < b,
X2a,2b−1 = Πa −Πb for a < b,
X2a,2k+1 = Πa + m˜n,
X2a−1,2b = −Πa +Πb for a < b,
X2a−1,2b−1 = −Πa − Πb − 2m˜n for a < b.
X2a−1,2k+1 = −Πa − m˜n.
The constraints on Xµν can be summarized as
Xµν =
∑
a
(δµ,2a − δµ,2a−1) (Πa + m˜n) +
∑
a
(δν,2a − δν,2a−1) (Πa + m˜n) , (10.9)
for µ < ν. As before, the cases X2a−1,2a are omitted as these are not propagating fields,
instead corresponding to elements of the pertinent Cartan.
Since exp(−Y ) 6= 0, we derive from the first three lines that
Πa + m˜n 6= ±m˜i. (10.10)
(We omit from consideration the decoupled mirrors Yi,2k+1 of free fields in the original gauge
theory.)
Since we exclude X2a,ν = 0, for reasons discussed earlier in section 4.2, we find for a 6= b,
Πa + m˜n 6= ± (Πb + m˜n) , Πa + m˜n 6= 0. (10.11)
On the critical locus, from the definition (10.7) of Πa, we find
Πa
n−1∏
i=1
(Πa − m˜i + m˜n) = −q
n∏
i=1
(−Πa − m˜i − m˜n) . (10.12)
This is nearly identical to (9.15) for the SO(2k) gauge theory, except for an extra minus
sign, arising from the contribution of Xµ,2k+1.
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We can compute the operator mirror map (2.5), (2.6) as before:
exp (−Yiα) = −m˜i +
k∑
a=1
∑
i,β
σaρ
a
iβα, (10.13)
= −m˜i +
∑
a
(δα,2aσa − δα,2a−1σa) , (10.14)
= −m˜i +


σa α = 2a,
−σa α = 2a− 1,
0 α = 2k + 1,
(10.15)
Xµν =
k∑
a=1
∑
µ′<ν′
σaα
a
µ′ν′,µν , (10.16)
=
∑
a
(δµ,2a − δµ,2a−1 + δν,2a − δν,2a−1) σa for µ < ν. (10.17)
Comparing with the critical locus, we find
σa = Πa + m˜n. (10.18)
Under the operator mirror map, equation (10.12) for Πa becomes
n∏
i=1
(σa − m˜i) = −q
n∏
i=1
(−σa − m˜i) . (10.19)
Given that q = ±1, this matches [16][equ’n (4.15)], which is written for a particular choice
of discrete theta angle.
Furthermore, the constraints we derived (10.10), (10.11) are easily seen to mirror the
constraints
σa 6= ±m˜i, σa 6= ±σb for a 6= b, σa 6= 0 (10.20)
given in [16][equ’n (4.17)].
11 Example: Sp(2k) gauge theory
Consider a Sp(2k) = USp(2k) gauge theory (in conventions in which the gauge group has
rank k) with n chiral superfields in the fundamental representation.
Following our proposal, the mirror is a Weyl-group-orbifold of a Landau-Ginzburg model
with fields
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• Yiµ, i ∈ {1, · · · , n}, µ ∈ {1, · · · , 2k}, mirror to the n chiral superfields in the funda-
mental representation,
• Xµν = exp(−Zµν) for µ ≤ ν, µ, ν ∈ {1, · · · , 2k}, excluding X2a−1,2a (which would be
mirror to the Cartan subalgebra),
• σa, a ∈ {1, · · · , k},
and superpotential
W =
k∑
a=1
σa
(∑
i
ρaiµYiµ +
∑
µ
αaµµZµµ
+
∑
b<c
(
αa2b,2cZ2b,2c + α
a
2b−1,2c−1X2b−1,2c−1 + α
a
2b−1,2cX2b−1,2c + α
a
2b,2c−1X2b,2c−1
))
+
∑
iµ
exp (−Yiµ) −
∑
iµ
m˜iYiµ
+
∑
µ
Xµµ +
∑
a<b
(X2a,2b +X2a−1,2b−1 +X2a−1,2b +X2a,2b−1) . (11.1)
Since the gauge group is semisimple, there is no continuous FI parameter, and in fact in this
case there is also no discrete FI parameter [16][section 5.2]. (Here in the proposed mirror,
the Weyl group action restricts possible FI-like terms to the values 0, πi, just as in the SO
groups. Turning on πi is not explicitly incompatible with the orbifold, but also does not12,
so far as we are aware, yield a result that is the mirror of an Sp(2k) gauge theory with
fundamental matter.)
As a consistency check, Sp(2k) has dimension k(2k + 1), the same number of elements
in a symmetric 2k × 2k matrix, matching the number of Xµν plus omitted Cartan mirrors.
Following [64][section 26],
ρaiµ = δµ,2a − δµ,2a−1, (11.2)
αaµν = δµ,2a − δµ,2a−1 + δν,2a − δν,2a−1. (11.3)
The Weyl group of Sp(2k) has the same form as that of SO(2k + 1): it is an extension
[21][section 16.1]
1 −→ (Z2)
k −→ W −→ Sk −→ 1. (11.4)
12 The center of Sp(2k) is Z2 (see e.g. [65][appendix A]), and an Sp(2k)/Z2 gauge theory would have a
discrete FI parameter of the form above; however, the center acts nontrivially on fundamental matter, so
in the A-twisted gauge theory above, the gauge group cannot be Sp(2k)/Z2. Nevertheless, this could be
relevant for mirrors to Sp(2k) gauge theories with different matter content than the theory whose mirror we
compute above.
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Furthermore, its action is similar: the permutation group Sk exchanges a’s, and the signs
(Z2)
k act by interchanging pairs (2a−1, 2a) and flipping the sign of σa’s. For example, under
the Z2)
k, the Y ’s are interchanged with no signs (Yi,2a ↔ Yi,2a−1), but∑
i,µ
ρaiµYiµ 7→ −
∑
i,µ
ρaiµYiµ.
Because this is multiplied by σa in the superpotential, the superpotential term is invariant.
Other terms can be checked similarly.
Now, integrating out the σa gives the constraint
n∑
i=1
(Yi,2a − Yi,2a−1) +
∑
µ≤ν
(δµ,2a − δµ,2a−1 + δν,2a − δν,2a−1)Zµν = 0. (11.5)
We can use this to eliminate Yn,2a:
Yn,2a = −
n−1∑
i=1
Yi,2a +
n∑
i=1
Yi,2a−1 −
∑
ν≥2a
Z2a,ν +
∑
ν≥2a−1
Z2a−1,ν
−
∑
µ≤2a
Zµ,2a +
∑
µ≤2a−1
Zµ,2a−1. (11.6)
Define
Πa = exp (−Yn,2a) , (11.7)
=
(
n−1∏
i=1
exp (+Yi,2a)
)(
n∏
i=1
exp (−Yi,2a−1)
)
·
·
(∏
ν≥2a
X2a−1,ν
X2a,ν
)( ∏
µ≤2a−1
Xµ,2a−1
Xµ,2a
)
X2a−1,2a−1
X2a,2a
. (11.8)
The superpotential then becomes
W =
n−1∑
i=1
k∑
a=1
exp (−Yi,2a) +
n∑
i=1
k∑
a=1
exp (−Yi,2a−1) +
k∑
a=1
Πa
+
∑
µ
Xµµ +
∑
a<b
(X2a,2b +X2a−1,2b−1 +X2a−1,2b +X2a,2b−1)
−
n−1∑
i=1
k∑
a=1
m˜iYi,2a −
n∑
i=1
k∑
a=1
m˜iYi,2a−1
− m˜n
k∑
a=1
(
−
n−1∑
i=1
Yi,2a +
n∑
i=1
Yi,2a−1 −
∑
ν≥2a
Z2a,ν +
∑
ν≥2a−1
Z2a−1,ν
−
∑
µ≤2a
Zµ,2a +
∑
µ≤2a−1
Zµ,2a−1
)
. (11.9)
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We compute the critical locus as follows:
∂W
∂Yi,2a
: exp (−Yi,2a) = Πa − m˜i + m˜n,
∂W
∂Yi,2a−1
: exp (−Yi,2a−1) = −Πa − m˜i − m˜n,
∂W
∂X2a,2b
: X2a,2b = Πa +Πb + 2m˜n for a ≤ b,
∂W
∂X2a−1,2b−1
: X2a−1,2b−1 = −Πa −Πb − 2m˜n for a ≤ b,
∂W
∂X2a,2b−1
: X2a,2b−1 = Πa − Πb,
∂W
∂X2a−1,2b
: X2a−1,2b = −Πa +Πb.
Since exp(−Y ) 6= 0, we find from the first two critical locus equations that
Πa + m˜n 6= ±m˜i. (11.10)
Similarly, since we exclude X2a,ν = 0 and Xµ,2a = 0, for reasons discussed earlier in sec-
tion 4.2, we have that
Πa 6= Πb for a 6= b, Πa +Πb + 2m˜n 6= 0. (11.11)
Plugging into equation (11.8), we find that on the critical locus,
Πa =
(
n−1∏
i=1
1
Πa − m˜i + m˜n
)(
n∏
i=1
(−Πa − m˜i − m˜n)
)
·
·
(∏
b>a
(−Πa +Πb) (−Πa − Πb − 2m˜n)
(Πa +Πb + 2m˜n) (Πa − Πb)
)(
1
2Πa + 2m˜n
)
·
·
(∏
b<a
(Πb −Πa) (−Πb −Πa − 2m˜n)
(Πb +Πa + 2m˜n) (−Πb +Πa)
)
(−2Πa − 2m˜n) ·
·
(
−2Πa − 2m˜n
2Πa + 2m˜n
)
. (11.12)
This simplifies to
Πa
(
n−1∏
i=1
(Πa − m˜i + m˜n)
)
=
n∏
i=1
(−Πa − m˜i − m˜n) . (11.13)
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From equations (2.5), (2.6), the operator mirror map takes the form
exp (−Yiµ) =
∑
a
σaρ
a
iµ − m˜i, (11.14)
Xµν =
∑
a
σaα
a
µν , (11.15)
or more concretely,
exp (−Yi,2a) = σa − m˜i, (11.16)
exp (−Yi,2a−1) = −σa − m˜i, (11.17)
X2a,2b = σa + σb, (11.18)
X2a−1,2b−1 = −σa − σb, (11.19)
X2a,2b−1 = σa − σb, (11.20)
X2a−1,2b = −σa + σb. (11.21)
Comparing to the critical locus, we see
σa ↔ Πa + m˜n, (11.22)
and hence from equation (11.13), our mirror predicts
n∏
i=1
(σa − m˜i) =
n∏
i=1
(−σa − m˜i) . (11.23)
Up to a relative sign, this matches [16][equ’n (5.8)].
Applying the operator mirror map to the constraints (11.10) and (11.11), we get that
σa 6= ±m˜i, (11.24)
σa 6= σb for a 6= b, (11.25)
σa + σb 6= 0 for all a, b, (11.26)
which precisely match the constraints for this gauge theory described in [16][section 5.3,
equ’n (5.9)].
12 Example: pure SU(k) gauge theories
In [17], it was suggested that a two dimensional (2,2) supersymmetric pure SU(k) gauge
theory should flow to a theory of k − 1 free twisted chiral multiplets. In this section, we
will describe how to check that result from our mirror, at least to the extent possible with
79
our topological field theory computations. We also describe the analogous computation in
pure SO(3) = SU(2)/Z2 theories, where we will see that the result crucially depends upon
the value of the discrete theta angle. For one discrete theta angle, the pure SO(3) theory
behaves the same as the pure SU(2) theory; for the other discrete theta angle, the mirror
has no critical loci, no vacua, which we interpret as supersymmetry breaking in the original
gauge theory.
The results for SU(2) and SO(3) are closely related, in terms of nonabelian decomposition
[18]. This says that an SU(k) gauge theory with center-invariant matter decomposes into a
disjoint union of SU(k)/Zk gauge theories with the same matter and different discrete theta
angles. Here, schematically,
SU(2) = SO(3)+ + SO(3)−,
using SU(2) and SO(3) to denote gauge theories, and so we see that the behavior of the two
SO(3) gauge theories is closely linked to that of the pure SU(2) theory.
Before describing the general case, we will first discuss the special cases of SU(2) and
SU(3) theories.
12.1 SU(2), SO(3) theories
Let us begin by describing the mirror to a pure SU(2) theory. we will first describe the mirror
to the SU(2) theory itself, then we will analyze the mirrors to the SU(2)/Z2 component
theories, and recover the same result.
As in section 8, it is convenient to describe this in terms of two σ˜ fields obeying the
constraint ∑
a
σ˜a = 0.
The mirror superpotential then takes the form
W =
∑
a
σ˜a
∑
µ6=ν
αaµνZµν +
∑
µ6=ν
Xµν , (12.1)
where
αaµν = −δ
a
µ + δ
a
ν .
For SU(2), this becomes
W = σ˜1 (−Z12 + Z21) + σ˜2 (−Z21 + Z12) + X12 + X21, (12.2)
= 2σ˜1 (lnX12 − lnX21) + X12 + X21, (12.3)
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using the fact that σ˜2 = −σ˜1, and that Zµν = − lnXµν . Solving for the critical loci, we find
∂W
∂σ˜1
:
(
X12
X21
)2
= 1, (12.4)
∂W
∂X12
: X12 = −2σ˜1, (12.5)
∂W
∂X21
: X21 = +2σ˜1. (12.6)
In particular, on the critical locus, we see X12 = −X21, which is consistent with the first
equation above.
If we integrate out X12, X21, then we see that the superpotential becomes W = 0, with
one field (σ˜1) remaining. This is certainly consistent with reducing to one free field, precisely
as predicted for this case by [17].
If we integrate out σ˜1, the conclusion is the same but the analysis is longer-winded.
Integrating out σ˜1 gives the constraint
X212 = X
2
21, (12.7)
with solutions X12 = ±X21. We have to sum over those possibilities. If X12 = +X21, then
W = 2X12, which has no vacua and breaks supersymmetry. If X12 = −X21, then W = 0
and we have one free field remaining, consistent with the previous analysis.
To do this carefully in a physical theory, one should also take into account the Ka¨hler
potential – which we omit in our discussion of topological field theories, we have omitted. As
a result, we do not have enough information about the physical mirror to verify all aspects
of the claim of [17] for a physical theory, but certainly this TFT computation is consistent
with their conclusion.
Now, let us repeat the same analysis for pure SO(3) theories. A two-dimensional SO(3)
theory admits a Z2 discrete theta angle, so there are two different SO(3) theories to consider.
We shall examine each in turn.
Following our earlier ansatz, the mirror of the SO(3) theory with vanishing discrete theta
angle is defined by the superpotential
W = (1/2)
∑
a
σ˜a
∑
µ6=ν
αaµνZµν +
∑
µ6=ν
Xµν , (12.8)
which simplifies to
W = σ˜1 (lnX12 − lnX21) + X12 + X21. (12.9)
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Solving for the critical loci as before, we find
∂W
∂σ˜1
:
X12
X21
= 1, (12.10)
∂W
∂X12
: X12 = −σ˜1, (12.11)
∂W
∂X21
: X21 = +σ˜1. (12.12)
However, these equations are inconsistent: the first requires X12 = +X21, the others require
X12 = −X21. Therefore, this SO(3) theory, with vanishing discrete theta angle, has no
supersymmetric vacua. We interpret this to mean that the original SO(3) gauge theory with
vanishing discrete theta angle breaks supersymmetry. (One can also argue this directly in
the A-twisted theory using the one-loop twisted effective superpotential; the argument there
is very similar.)
Now, let us consider the second SO(3) theory, with a nonzero discrete theta angle. The
mirror to this theory is defined by the superpotential
W = (1/2)
∑
a
σ˜a
∑
µ6=ν
αaµνZµν + πiσ˜1 +
∑
µ6=ν
Xµν , (12.13)
which simplifies to
W = σ˜1 (lnX12 − lnX21) + πiσ˜1 + X12 + X21. (12.14)
Solving for the critical loci as before, we now find
∂W
∂σ˜1
:
X12
X21
= −1, (12.15)
∂W
∂X12
: X12 = −σ˜1, (12.16)
∂W
∂X21
: X21 = +σ˜1. (12.17)
Unlike the previous SO(3) theory, these equations do have a solution, the same solution as
the original SU(2) theory in fact, and so (plausibly) describe a free field.
Thus, of the two SO(3) theories, we have evidence from our TFT computations that
one flows to a theory of a single free twisted chiral superfield, matching the SU(2) result,
whereas the other one has no supersymmetric vacua at all.
These results for SU(2) and SO(3) theories are closely related by nonabelian decompo-
sition. As outlined earlier, nonabelian decomposition in this case says, schematically,
SU(2) = SO(3)+ + SO(3)−.
Our results for the two SO(3) theories match, in effect, the result for the single SU(2) theory.
Thus, we have not only verified the claim of [17] for SU(2), but in addition refined it, to
show in which SO(3) summand the free twisted chiral superfield arises.
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12.2 SU(3) theory
Now, we will repeat the same analysis for the pure SU(3) theory, which has a few technical
complications relative to SU(2).
As before, we begin by writing the mirror in terms of three σ˜’s subject to the constraint∑
a
σ˜a = 0.
The mirror superpotential then takes the form
W = σ˜1 (−Z12 − Z13 + Z21 + Z31)
+ σ˜2 (−Z21 − Z23 + Z12 + Z32)
+ σ˜3 (−Z31 − Z32 + Z13 + Z23)
+X12 +X13 +X21 +X23 +X31 +X32, (12.18)
(12.19)
= σ˜1 (−Z12 + Z21 − 2Z13 + 2Z31 + Z32 − Z23)
+ σ˜2 (−Z21 + Z12 − 2Z23 + 2Z32 + Z31 − Z13)
+X12 +X13 +X21 +X23 +X31 +X32. (12.20)
Evaluating the critical locus, we find
∂W
∂σ˜1
:
X12
X21
(
X13
X31
)2
X23
X32
= 1, (12.21)
∂W
∂σ˜2
:
X21
X12
(
X23
X32
)2
X13
X31
= 1, (12.22)
∂W
∂X12
: X12 = σ˜2 − σ˜1, (12.23)
∂W
∂X21
: X21 = σ˜1 − σ˜2 = −X12, (12.24)
∂W
∂X13
: X13 = − (2σ˜1 + σ˜2) , (12.25)
∂W
∂X31
: X31 = 2σ˜1 + σ˜2 = −X13, (12.26)
∂W
∂X23
: X23 = − (σ˜1 + 2σ˜2) , (12.27)
∂W
∂X32
: X32 = +σ˜1 + 2σ˜2 = −X23. (12.28)
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Furthermore, it is easy to see that the fields on the critical locus obey
X13 − X23 = X12. (12.29)
As for SU(2), there are two equivalent approaches we could take in integrating out fields.
If one integrates out the Xs, one is left with W = 0, and two remaining fields (σ˜1,2), of
which one takes Weyl-orbifold invariants. Thus, at the level of these TFT computations,
the mirror is consistent with the original SU(3) theory flowing to a theory of two free chiral
superfields, as predicted by [17].
Alternatively, if we integrate out the σ˜s, we get the same result, after further algebra.
From equations (12.21), (12.22), it can be shown that(
X23
X32
)3
=
(
X31
X13
)3
,
X12
X21
=
(
X23
X32
)2
X13
X31
, (12.30)
so for any ξ such that ξ3 = 1,
X23
X32
= ξ
X31
X13
,
X12
X21
= ξ2
X31
X13
. (12.31)
We must sum over the critical loci, corresponding to possible values of ξ. Eliminating X23
and X12, we have
W = X12 +X13 +X23 +X21 +X31 +X32, (12.32)
= ξ2
X31X21
X13
+X13 + ξ
X31X32
X13
+X21 +X31 +X32. (12.33)
The critical locus equations are then
∂W
∂X13
= −ξ2
X31X21
X213
− ξ
X31X32
X213
+ 1 = 0, (12.34)
∂W
∂X31
= ξ2
X21
X13
+ ξ
X32
X13
+ 1 = 0, (12.35)
∂W
∂X21
= ξ2
X31
X13
+ 1 = 0, (12.36)
∂W
∂X32
= ξ
X31
X13
+ 1 = 0. (12.37)
Note that from the last two equations
X31
X13
= −
1
ξ2
= −
1
ξ
, (12.38)
so we see that there are no vacua unless ξ = +1. We therefore focus on that case. Rewriting
the other two equations implies
X13 = −X21 −X32 (12.39)
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on the critical locus. Restricting to the critical locus above, it is straightforward to see that
W = 0, and there are exactly two remaining free fields, consistent with the prediction for IR
physics given in [17].
12.3 General SU(k) theories
Now, let us turn to mirrors of pure SU(k) theories for more general k. Following the same
pattern, and after solving for σ˜k, the superpotential has the form
W = σ˜1
[
−Z12 − Z13 − · · · − Z1(k−1) − 2Z1k − Z2k − · · · − Z(k−1)k
+Z21 + Z31 + · · ·+ Z(k−1)1 + 2Zk1 + Zk2 + · · ·+ Zk(k−1)
]
+ σ˜2
[
−Z21 − Z23 − Z24 − · · · − Z2(k−1) − 2Z2k − Z1k − Z3k − · · · − Z(k−1)k
+Z12 + Z32 + Z42 + · · ·+ Z(k−1)2 + 2Zk2 + Zk1 + Zk3 + Zk4 + · · ·+ Zk(k−1)
]
+ · · · +
∑
µ6=ν
Xµν . (12.40)
It is straightforward to see that the critical locus equations take the form
Xµν = −Xνµ, (12.41)
and
X12
X21
X13
X31
· · ·
X1(k−1)
X(k−1)1
(
X1k
Xk1
)2
X2k
Xk2
· · ·
X(k−1)k
Xk(k−1)
= 1, (12.42)
X21
X12
X23
X32
X24
X42
· · ·
X2(k−1)
X(k−1)2
(
X2k
Xk2
)2
X1k
Xk1
X3k
Xk3
· · ·
X(k−1)k
Xk(k−1)
= 1, (12.43)
and so forth. Each of these equations is a product of 2(k − 1) ratios of X ’s associated to
positive and negative roots. Since each ratio is −1 on the critical locus and there are an even
number of factors, the product equations are automatically consistent, and do not generate
a contradiction.
Integrating out the Xs, leads to a theory with W = 0 and k − 1 independent fields (the
σ˜, or rather their Weyl-invariant combinations), as predicted by [17]. We emphasize again
that we have not checked any statements about Ka¨hler metrics – we are only performing
a consistency test of those quantities which can be computed in topological field theories,
nothing more.
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13 Example: pure SO, Sp gauge theories
In the previous section, we discussed the form of the mirror to pure SU(k) gauge theories,
in order to test predictions made in [17]. In this section we will briefly outline tetss of an
analogous conjecture for pure SO and Sp theories. Specifically, we conjecture that pure Sp
theories, as well as pure SO and Sp/Z2 theories for one discrete theta angle, flow in the IR
to theories of free twisted chiral superfields, as many as the rank of the gauge group, and
pure SO and Sp/Z2 theories with the other discrete theta angle break supersymmetry. We
only test this claim at the level of topological field theory computations; we have not tested
any claims about the form of metrics or other properties of physical untwisted theories.
13.1 Pure SO(2k)
Let us briefly test this conjecture for pure SO(2k) supersymmetric gauge theories in two
dimensions. Following section 9, the mirror superpotential takes the form
W =
k∑
a=1
σa
( ∑
µ<ν;µ′,ν′
αaµν,µ′ν′Zµ′ν′ − t
)
+
∑
µ<ν
Xµν , (13.1)
=
k∑
a=1
σa
(∑
ν>2a
(Z2a,ν − Z2a−1,ν) +
∑
µ<2a−1
(Zµ,2a − Zµ,2a−1) − t
)
+
∑
µ<ν
Xµν , (13.2)
where t is a discrete theta angle. The critical locus equations are defined by
∂W
∂σa
:
(∏
ν>2a
X2a−1,ν
X2a,ν
)( ∏
µ<2a−1
Xµ,2a−1
Xµ,2a
)
= q−1, (13.3)
∂W
∂X2a,ν
: X2a,ν = +σa, (13.4)
∂W
∂X2a−1,ν
: X2a−1,ν = −σa, (13.5)
∂W
∂Xµ,2a
: Xµ,2a = +σa, (13.6)
∂W
∂Xµ,2a−1
: Xµ,2a−1 = −σa. (13.7)
Since there are 2(k − 1) ratio factors in equation (13.3), and each factor is −1, we see
that solutions for critical points will exist precisely when q−1 = 1. In that case, for that
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discrete theta angle, integrating out Xs leads to a vanishing superpotential and verifies the
claim for pure SO(2k) theories (at least to the extent that the claim can be checked in a
topological field theory). For the other discrete theta angle, there are no vacua, and hence
supersymmetry is broken.
13.2 Pure SO(2k + 1)
Next, let us outline the analogous computation for pure SO(2k + 1) supersymmetric gauge
theories in two dimensions. Following section 10, the superpotential takes almost exactly
the same form, except that the indices on Xµν extend to 2k + 1:
W =
k∑
a=1
σa
( ∑
µ<ν;µ′,ν′
αaµν,µ′ν′Zµ′ν′ − t
)
+
∑
µ<ν
Xµν , (13.8)
=
k∑
a=1
σa
(∑
ν>2a
(Z2a,ν − Z2a−1,ν) +
∑
µ<2a−1
(Zµ,2a − Zµ,2a−1) − t
)
+
∑
µ<ν
Xµν , (13.9)
where t is a discrete theta angle.
The analysis of the critical loci is nearly identical to that for pure SO(2k), except that
in the analogue of equation (13.3), there are now 2(k − 1) + 1 ratio factors, so as each ratio
is −1 on the critical locus, we see that solutions for critical points will exist precisely when
q−1 = −1, i.e. for the nontrivial discrete theta angle. For that discrete theta angle, the
result is consistent with a theory of k free chiral multiplets, as before, to the extent that
these TFT computations can check statements about the physical theory. For the other
discrete theta angle, there are no vacua and so supersymmetry is broken. In passing, note
that this matches earlier results for the SO(3) theories.
13.3 Pure Sp(2k)
Finally, let us outline the analogous computation for pure Sp(2k) gauge theories. We treat
these gauge theories in a nearly identical fashion, so we will be brief.
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Following section 11, the mirror superpotential is given by
W =
k∑
a=1
σa
(∑
µ≤ν
(δµ,2a − δµ,2a−1 + δν,2a − δν,2a−1)Zµν
)
+
∑
µ
Xµµ +
∑
a<b
(X2a,2b +X2a−1,2b−1 +X2a−1,2b +X2a,2b−1) . (13.10)
The critical locus is defined by
∂W
∂X2a,2a
: X2a,2a = +2σa, (13.11)
∂W
∂X2a−1,2a−1
: X2a−1,2a−1 = −2σa, (13.12)
∂W
∂X2a,2b
: X2a,2b = σ1 + σb for a < b, (13.13)
∂W
∂X2a−1,2b−a
: X2a−1,2b−1 = − (σa + σb) for a < b, (13.14)
∂W
∂X2a−1,2b
: X2a−1,2b = −σa + σb for a < b, (13.15)
∂W
∂X2a,2b−1
: X2a,2b−1 = σa − σb for a < b. (13.16)
In addition, ∂W/∂σa = 0 implies(∏
2a≤ν
1
X2a,ν
)( ∏
2a−1≤ν
X2a−1,ν
)(∏
µ≤2a
1
Xµ,2a
)( ∏
µ≤2a−1
Xµ,2a−1
)
= 1, (13.17)
which can be rewritten as(
X2a−1,2a−1
X2a,2a
)2(∏
b>a
X2a−1,2b−1
X2a,2b
X2a−1,2b
X2a,2b−1
)(∏
b<a
X2b−1,2a−1
X2b,2a
X2b,2a−1
X2b−1,2a
)
= 1. (13.18)
Along the critical locus, each of the ratios appearing in the product above is −1. Since there
are manifestly an even number of them, this critical locus equation is trivially satisfied.
As before, along the critical locus, the superpotential vanishes, and so at the level of
these TFT computations, for the correct discrete theta angle, this is consistent with the IR
limit being a set of k free twisted chiral superfields. As a consistency check, note this is
consistent with earlier computations for the pure SU(2) = Sp(2) theory.
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14 Hypersurfaces and complete intersections in G(k, n)
In this section, we will consider the analysis of a degree d hypersurface and complete inter-
sections in G(k, n), and compare to results in [15,19]. To be clear, the proposal of this paper
yields a B-twisted Landau-Ginzburg model that reproduces A model correlation functions;
however, we do not know if the same Landau-Ginzburg model ever appears as a phase in
any GLSM describing a geometry birational to a mirror geometry, possibly after integrating
out some fields. We cannot exclude the possibility, but neither do we have any examples.
In this section we will focus on setting up the models and comparing to correlation func-
tions, and aside from a few general remarks in one section, we will leave potential geometric
comparisons to future work.
14.1 Mirror proposal and Coulomb computations for a hypersur-
face
Consider an A-twisted GLSM for a hypersurface of degree d in G(k, n). This is described by
a U(k) gauge theory with matter
• n chiral multiplets φia in the fundamental representation, i ∈ {1, · · · , n}, a ∈ {1, · · · , k},
• one field p of charge −d under detU(k),
and a superpotential
W = pG(B), (14.1)
where G is a polynomial of degree d in the baryons Bij ,
Bi1···ik = ǫ
a1···akφi1a1 · · ·φikak . (14.2)
We take the chiral superfields φia to have R-charge zero, and p to have R-charge two.
The mirror of this theory is an orbifold of the Landau-Ginzburg model with fields
• kn chiral superfields Yia, mirror to φia,
• one chiral superfield Xp = exp(−Yp), mirror to p,
• Xµν = exp(−Zµν), µ, ν ∈ {1, · · · , k},
• σa, a ∈ {1, · · · , k},
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and superpotential
W =
∑
a
σa
(∑
ib
ρaibYib − dYp +
∑
µ6=ν
αaµνZµν − t
)
+
∑
ia
exp (−Yia) + Xp +
∑
µ6=ν
Xµν , (14.3)
where
ρaib = δ
a
b , α
a
µν = −δ
a
µ + δ
a
ν . (14.4)
We then take an Sk orbifold of this theory, where Sk acts as the Weyl group of U(k) in
the same fashion described elsewhere.
Integrating out the σa gives constraints
n∑
i=1
Yia − dYp +
∑
ν 6=a
(−Zaν + Zνa) = t, (14.5)
which we can solve by eliminating Yna:
Yna = −
n−1∑
i=1
Yia + dYp −
∑
ν 6=a
(−Zaν + Zνa) + t. (14.6)
Define
Πa = exp (−Yna) , (14.7)
= q
(
n−1∏
i=1
exp (+Yia)
)
(Xp)
d
(∏
ν 6=a
Xaν
Xνa
)
. (14.8)
The superpotential then becomes
W =
n−1∑
i=1
∑
a
exp (−Yia) +
∑
a
Πa + Xp +
∑
µ6=ν
Xµν . (14.9)
The critical locus is given as follows:
∂W
∂Yia
: exp (−Yia) = Πa, (14.10)
∂W
∂Xp
: Xp = −d
∑
a
Πa, (14.11)
∂W
∂Xµν
: Xµν = −Πµ + Πν . (14.12)
90
Since we exclude Xµν = 0, for reasons discussed earlier in section 4.2, we see that
Πµ 6= Πν for µ 6= ν. (14.13)
Since exp(−Y ) 6= 0, we see that
Πa 6= 0. (14.14)
These constraints guarantee that the critical locus does not intersect the fixed-point locus
of the orbifold, and so for the purposes of our computations we can ignore twisted sectors.
On the critical locus, from the definition (14.8) of Πa, we find
Πa = q
(
n−1∏
i=1
1
Πa
)(
−d
∑
b
Πb
)d
(−)k−1,
or more simply
(Πa)
n = q
(
−d
∑
b
Πb
)d
(−)k−1. (14.15)
Note as a consequence that if ∑
a
Πa = 0,
then from (14.15), Πa = 0, which is forbidden from (14.14), hence we have the constraint
that ∑
a
Πa 6= 0. (14.16)
The operator mirror map (2.2), (2.3) says
exp (−Yia) =
∑
b
σbρ
b
ia = σa, (14.17)
Xp = −d
∑
a
σa, (14.18)
Xµν =
∑
a
σaα
a
µν = −σµ + σν . (14.19)
Comparing with equations (14.10), (14.11), (14.12), we see that on the critical locus we can
identify
σa ↔ Πa. (14.20)
Using the operator mirror map, equation (14.15) becomes
(σa)
n = (−)k−1q
(
−d
∑
b
σb
)d
. (14.21)
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Up to a sign, this matches [15] above their equation (2.20).
Applying the mirror map above to the three constraints (14.13), (14.14), and (14.16), we
get the constraints
σa 6= σb for a 6= b, σa 6= 0,
∑
a
σa 6= 0, (14.22)
which match the constraints for this model given in [15][equ’n (2.15)].
In passing, we can also get a bit of insight into the r ≪ 0 phase of the original gauge
theory. In that phase, in the original theory the p field gets a vacuum expectation value
which breaks the U(k) gauge symmetry to an SU(k) gauge symmetry. Here in the mirror,
when r ≪ 0, q → +∞ (since q ∝ exp(−r)), and from equation (14.21), as q →∞,∑
a
σa → 0.
This is the same constraint that defines an SU(k) gauge theory from a U(k) gauge theory,
as we saw in section 8, and here on the critical locus, also implies that Xp → 0 from
equation (14.11). In that limit, we can integrate out Yp from the superpotential (14.3),
which enforces the constraint ∑
a
σa = 0,
and then, this theory reduces to the same form as the SU(k) mirror discussed in section 8.
14.2 Poles in correlation functions in G(2, 4)[4]
Next, let us compute locations of poles in correlation functions to compare to results in
[19][section 8.2].
We would like to proceed in the same fashion as in section 4.5. Given the superpoten-
tial (14.9) with σa’s integrated out, one would like to compute correlation functions on S
2
in the form
〈f〉 =
∑
vacua
f
H
, (14.23)
where the vacua are defined by the critical locus of the superpotential, and H is the determi-
nant of the matrix of second derivatives. (In principle, there is an orbifold here, but as none
of the critical loci intersect the orbifold fixed points, we do not anticipate any contributions
from twisted sectors, so the effect of the G-orbifold is to multiply the correlation function
above by a factor of 1/|G|.)
However, the critical loci are a bit more subtle in this case. First, when critical loci exist,
they are not isolated. Instead, since
σ41 = σ
4
2 = −q(−4)
4 (σ1 + σ2)
4 (14.24)
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is homogeneous in σ1, σ2, there are lines of critical points, given by rescaling any one solution.
Mechanically, in terms of the correlation function computation outlined above, since there
is a flat direction, the Hessian H = 0 (which can be confirmed by direct computation on the
critical loci). Thus, the formula (14.23) above does not seem to apply. Instead, in principle,
the correct computation would seem to involve a Hessian of directions ‘orthogonal’ to the
flat direction, for example.
The second subtlety is that critical loci will only exist for special values of q (reflecting
the fact that on the A model side, one will only have a Coulomb branch at special Ka¨hler
moduli. We can see this constraint as follows. From equation (14.24), although σ1 and σ2
are required to be distinct, they are proportional to one another and to their sum:
σ1 ∝ σ1 + σ2 ∝ σ2. (14.25)
Following the spirit of [15][section 2.3], write
σa =
ωna
Z
(σ1 + σ2) , (14.26)
where ω4 = 1, and
1
Z4
= −q(−4)4 = −28q. (14.27)
This should encapsulate the most general possible set of solutions to (14.24). However, if we
now require that the σa sum correctly, we find
σ1 + σ2 =
ωn1 + ωn2
Z
(σ1 + σ2) ,
hence
ωn1 + ωn2
Z
= 1,
implying (
ωn1 + ωn2
Z
)4
= 1, (14.28)
which we can see already from equation (14.27) is going to constrain q.
Now, the possible fourth roots of unity are ±1, ±i. Some of the sums of pairs of fourth
roots of unity vanish: for example, 1−1 = 0. However, these values of ωna contradict (14.28),
and so we omit them. For the remaining possibilities,
(ωn1 + ωn2)4 = ω4n1
(
1 + ωn2−n1
)4
=
(
1 + ωn2−n1
)4
,
and since we know the σa are distinct and the sum nonzero, it suffices to consider the case
ωn2−n−1 = ±i. It is straightforward to compute that
(1± i)4 = −4,
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hence equation (14.28) becomes
1
Z4
= −
1
4
, (14.29)
and so comparing with equation (14.27), we get the constraint
1
Z4
= −
1
4
= −28q, (14.30)
or more simply, 210q = 1.
This result is in complete agreement with [15][section 2.4] and [66], who found that in
the A-twisted GLSM for the Calabi-Yau G(2, 4)[4] = P5[2, 4], there is a Coulomb branch at
a single value of q, determined by the same formula above, or equivalently, that A model
correlation functions will have poles at q = 2−10.
14.3 Comments on mirror geometries
So far, we have focused on the mirror simply as a tool for comparing Coulomb branch
relations and correlation functions. However, at least in special cases such as the quintic
threefold, it is known that abelian versions of the mirror construction above can be related
more directly to a mirror geometry, see e.g. [67].
The hypersurface G(2, 4)[4] is particularly interesting in this regard – the Grassmannian
G(2, 4) can be described as a hypersurface in a projective space, P5[2], and is the only Grass-
mannian which can be (nontrivially) realized in this fashion. Thus, G(2, 4)[4] = P5[2, 4], and
as there is an extensive literature on mirror symmetry in abelian cases, one might hope to
compare to existing results. The mirror to P5[2, 4] is discussed explicitly in e.g. [68][section
8.7, case 2], [66, 69–72] (see [73] for related considerations for Pfaffian mirrors). Briefly, the
geometric mirror is expressed as an intersection in a nontrivial toric variety, not as a hyper-
surface in a projective space, so it is unlikely that the mirror we have described above will
correspond to a Landau-Ginzburg model for the geometry in as simple a fashion as happens
for the quintic threefold, for example. Furthermore, to correctly identify a mirror geometry
might require taking into account blowups needed to properly regularize discontinuities in
the superpotential, as discussed in section 4.6. In any event, it is possible that the ‘full’
mirror (possibly after integrating out some fields) is birational to a simpler model which
corresponds more directly to the mirror construction above, in a fashion analogous to that
for the quintic. We leave such explorations for future work.
In passing, let us make an observation about central charges that lends support to the
idea that these mirrors may be related to geometric mirrors. To be specific, let us consider
our proposed mirror to a hypersurface in G(k, n), as described by the Landau-Ginzburg
model with superpotential (14.9) we computed previously. In the Calabi-Yau case, this
superpotential is quasi-homogeneous, so one expects there should be a nontrivial IR limit,
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for which we can compute the central charge (of the physical untwisted theory). Define
qi = ni/d where
W (λniΦi) = λ
dW (Φi) .
If we were to take the fundamental fields to be as before, namely the Xµν , Xp, and Yia, then
q(Xµν) = 1 and q(Xp) = 1. If we take into account the translation symmetry of the Y ’s,
then q(exp(−Y )) = 1 but, given that there is no multiplicative component, q(Y ) = 0. If we
use the central charge formula of [74][equ’n (15)], and assume that it also applies to cases
with fields with translation symmetries, then the central charge is given by
c
3
=
∑
i
(1− 2qi) , (14.31)
= (1)(1− 2) + (k2 − k)(1− 2) + k(n− 1)(1− 0), (14.32)
= k(n− k)− 1, (14.33)
matching the dimension of the Calabi-Yau hypersurface. (See also [15][section 4.1], where
this is computed in the original theory as an exercise in SU(k) gauge theories.) (This gives
a different R charge assignment than is used in the Landau-Ginzburg point of the orbifold
mirror, though here we have implicitly integrated out some Y ’s instead of the mirror to the
p field as is traditionally done in writing the quintic mirror, which presumably accounts for
the difference.) Finally, the reader should note that we are not claiming that this implies
our proposed mirror necessarily matches the Landau-Ginzburg point of some GLSM for the
mirror geometry; rather, we are merely listing a suggestive computation. Perhaps the lesson
here is that to get a geometry from a nonabelian mirror, one must integrate out the X fields
first, so as a result, the mirror may look like a Landau-Ginzburg model but with extra factors
in the measure. We leave all such considerations of mirror geometries to future work.
14.4 Complete intersections in G(k, n)
Consider a GLSM describing a complete intersection of S hypersurfaces in G(k, n) of degrees
Qα, α ∈ {1, · · · , S}. This is a U(k) gauge theory with n chiral multiplets in the fundamental
(of R charge zero) and S chiral multiplets pα (of R charge two) charged under detU(k) with
charge −Qα. This theory was considered in [19], which computed a general expression for
correlation functions of σ’s in the A-twisted gauge theory, a series of residues given in [19].
In this section we will study the mirror of this theory, and outline how correlation functions
in our mirror reproduce the expression [19][equ’n (8.32)] for correlation functions given in
the A-twisted theory.
Following our proposal, the mirror is defined by
• chiral superfields Yia, i ∈ {1, · · · , n}, a ∈ {1, · · · , k},
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• chiral superfields Xα = exp(−Yα),
• chiral superfields Xµν , mirror to the W bosons,
• σa,
with superpotential
W =
∑
a
σa
(∑
ib
ρaibYib +
∑
α
Qα lnXα −
∑
µ6=ν
αaµν lnXµν − t
)
+
∑
ia
exp (−Yia) +
∑
α
Xα +
∑
µ6=ν
Xµν . (14.34)
Integrating out the Xµν and simplifying as in section 4.7, the superpotential becomes
W =
∑
a
σa
(∑
ib
ρaibYib +
∑
α
Qα lnXα − t˜
)
+
∑
ia
exp (−Yia) +
∑
α
Xα, (14.35)
where t˜ is potentially shifted from t, with the proviso that correlation functions will contain
a factor of ∑
µ<ν
(σµ − σν)
2 .
In the expressions above, as is usual for U(k), we take
ρaib = δ
a
b , α
a
µν = −δ
a
µ + δ
a
ν . (14.36)
It will later be useful to recall the operator mirror map (2.2), (2.3):
exp (−Yia) ↔ σa, (14.37)
Xα ↔ −Qα
∑
a
σa. (14.38)
Integrating out the σa, we get constraints
n∑
i=1
Yia +
∑
α
Qα lnXα = t˜, (14.39)
which we can use to eliminate some variables. First, let us eliminate lnX1:
lnX1 =
1
Q1
[
t˜ −
n∑
i=1
Yik −
S∑
α=2
Qα lnXα
]
, (14.40)
96
where in the equation above, we have taken a = k to be specific. Eliminating X1 in this
fashion leaves k − 1 independent constraints. If we plug X1 back into the constraints above
for a < k, we find that they reduce to
n∑
i=1
(Yia − Yik) = 0, (14.41)
for a < k. Define, for a < k,
Yˆia ≡ Yia − Yik, (14.42)
so that the remaining k − 1 constraints can be written as
n∑
i=1
Yˆia = 0, (14.43)
for a < k. We can use these constraints to eliminate Yˆna:
Yˆna = −
n−1∑
i=1
Yˆia, (14.44)
for a < k.
In passing, in terms of these new variables, the operator mirror map (14.37) is modified
as follows:
exp
(
−Yˆia
)
↔
σa
σk
, (14.45)
exp
(
−Yˆna
)
↔
(
σk
σa
)n−1
. (14.46)
The second expression is derived from the constraint (14.44). Note that since the first
expression is defined for i including i = n, self-consistency requires
(σa)
n = (σk)
n . (14.47)
We will see this arise as a partial description of the critical locus, later.
Plugging these expressions for Yˆia into the superpotential (14.35), we find that it becomes
W =
n−1∑
i=1
k−1∑
a=1
exp
(
−Yˆia
)
exp (−Yik) +
n∑
i=1
exp (−Yik)
+
k−1∑
a=1
[
exp (−Ynk)
n−1∏
i=1
exp
(
+Yˆia
)]
+ q˜−1/Q1
(
n∏
i=1
exp (−Yik/Q1)
)(
S∏
α=2
X−Qα/Q1α
)
+
S∑
α=2
Xα. (14.48)
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Now, our goal is to outline how to reproduce the general expression for correlation func-
tions in the A-twisted theory given in [19][equ’n (8.32)], here in the mirror B-twisted Landau-
Ginzburg theory. The first observation to make is that the poles at which the residues are
computed in [19], will correspond to the critical loci of the B-twisted theory for which we
derived equations above. In particular, in the B-twisted theory, correlation functions can be
expressed in the form of residues
〈O〉 =
∮
dx1 ∧ · · · dxn
∂1W∂2W · · ·∂nW
O, (14.49)
where W = W (x1, · · · , xn), so by inspection, the poles at which the residue are computed in
the B-twisted theory correspond to critical loci of the superpotential. (Strictly speaking, the
result above is for a flat metric on the target, and we have not specified the Ka¨hler metric in
our proposal. See [34] for analogous expressions for B-twisted Landau-Ginzburg correlation
functions for more general cases.) We will outline how the residue here in the B-twisted
theory matches the residue given in [19][equ’n (8.32)]. The first step will be to argue that
the poles in the integrand of [19][equ’n (8.32)], defined by the denominator[
k−1∏
a=1
(xna − 1)
][
1 + (−)k−nq
(
S∏
α=1
QQαα
)(
k∑
a=1
xa
)n]
, (14.50)
where xa is defined in [19] such that x
n
a = 1, correspond to the critical loci of the B-twisted
mirror here.
In principle, to do this computation carefully, one should also check whether the fun-
damental fields have changed, following analyses described elsewhere in this paper, but to
simplify and shorten the argument, we will omit this step. (Part of the price we pay is that
this loses information about R-charges, so the mirror behaves somewhat more nearly like
that of a noncompact model, as we shall see later.)
Now, in principle one ought to check whether the fundamental fields may have changed as
a result of these variable changes, but instead of a lengthy rigorous computation, we will opt
in this section to merely give a quick argument to formally compare to results for correlation
functions in [19][section 8]. In the same spirit, in computations below, we will work with
Yα = − lnXα as a fundamental field instead of Xα, adding suitable factors of∏
α
exp (−Yα)
(from zero mode integration measures) to correlation functions.
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From the superpotential (14.48), the critical locus is computed from
∂W
∂Yˆia
= − exp
(
−Yˆia
)
exp (−Yik) + exp (−Ynk)
n−1∏
j=1
exp
(
+Yˆja
)
, (14.51)
∂W
∂Yik
=
k−1∑
a=1
exp
(
−Yˆia
)
exp (−Yik) + exp (−Yik)
+
1
Q1
q˜−1/Q1
(
n∏
j=1
exp (−Yjk/Q1)
)(
S∏
α=2
X−Qα/Q1α
)
for i < n, (14.52)
∂W
∂Yik
= exp (−Ynk) +
k−1∑
a=1
[
exp (−Ynk)
n−1∏
i=1
exp
(
+Yˆia
)]
+
1
Q1
q˜−1/Q1
(
n∏
j=1
exp (−Yjk/Q1)
)(
S∏
α=2
X−Qα/Q1α
)
for i = n, (14.53)
∂W
∂Yα
= Xα −
Qα
Q1
q˜−1/Q1
(
n∏
j=1
exp (−Yjk/Q1)
)(
S∏
α=2
X−Qα/Q1α
)
. (14.54)
From equation (14.51), we see that on the critical locus
exp
(
−Yˆia
)
exp (−Yik)
is independent of i. From equation (14.52), we see that
k−1∑
a=1
(
1 + exp
(
−Yˆia
))
exp (−Yik)
is independent of i, hence
exp (−Yik)
is independent of i, so cancelling out factors in equation (14.51), we see that on the critical
locus
exp
(
−Yˆia
)
=
n−1∏
j=1
exp
(
+Yˆja
)
. (14.55)
As a result,
exp
(
−Yˆia
)
is independent of i. On the critical locus, define
za ≡ exp
(
−Yˆia
)
(14.56)
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for any i, then from equation (14.55) we have
(za)
n = 1 (14.57)
on the critical locus. If we identify the za here with the xa of [19], then we see that the critical
locus equation above defines some of the locations of poles in the residue computation of
the correlation function for the A-twisted complete intersection in [19][equ’n (8.32)], as one
would expect.
In passing, note that the operator mirror map (14.37) implies
za ↔
σa
σk
. (14.58)
The critical locus equation (14.57) above requires
(σa)
n = (σk)
n ,
which matches the self-consistency condition (14.47) which we derived earlier. Thus, the
critical locus equation above is compatible with the mirror map.
Next, we shall compute the rest of the critical locus, and see that it matches the rest of
the poles of the integrand of [19][equ’n (8.32)]. From equation (14.54), we see that on the
critical locus,
Q1Xα
Qα
= q˜−1/Q1
(
n∏
i=1
exp (−Yik/Q1)
)(
S∏
β=2
X
−Qβ/Q1
β
)
,
independent of α. Define this to be a constant C:
C =
Q1Xα
Qα
= q˜−1/Q1
(
n∏
i=1
exp (−Yik/Q1)
)(
S∏
β=2
X
−Qβ/Q1
β
)
, (14.59)
Then,
S∏
α=2
X−Qα/Q1α =
[∏
α
(
Qα
Q1
)−Qα/Q1]
C1−
∑
αQα/Q1 . (14.60)
From equation (14.54), we know this also equals
Cq˜+1/Q1
n∏
j=1
exp (+Yjk/Q1) . (14.61)
Taking a Q1 power of both sides, we find
q˜CQ1
n∏
j=1
exp (+Yjk) = C
Q1−
∑
αQα
[∏
α
(
Qα
Q1
)−Qα]
,
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or more simply, on the critical locus,
q˜ (exp (+Ynk))
n = C−
∑
αQα
[∏
α
(
Qα
Q1
)−Qα]
.
From equation (14.52), we also know
Q1Xα
Qα
= C = −Q1
[
1 +
k−1∑
a=1
za
]
exp (−Ynk) ,
hence
(exp (+Ynk))
n = (−)nC−nQn1
[
1 +
k−1∑
a=1
za
]n
.
Combining these equations, we find
(−)nq˜C−nQn1
[
1 +
k−1∑
a=1
za
]n
= C−
∑
αQα
[∏
α
(
Qα
Q1
)−Qα]
. (14.62)
Using the Calabi-Yau condition ∑
α
Qα = n, (14.63)
we find
(−)nq˜
(∏
α
QQαα
)[
1 +
k−1∑
a=1
za
]n
= 1. (14.64)
Since q˜ = (−)k−1q, this can be rewritten as
1 + (−)k−nq
(∏
β
Q
Qβ
β
)[
1 +
k−1∑
a=1
za
]n
= 0, (14.65)
which precisely matches the second condition for a pole in the integrand of [19][equ’n (8.32)].
So far, we have demonstrated that the critical loci of our proposed Landau-Ginzburg
mirror match the poles of the integrand of the residue formula for A model correlation
functions in [19][equ’n (8.32)].
Next, we will give a brief outline of how the rest of the B model correlation function
matches the A model computations in [19][section 8]. We emphasize that the analysis we
describe here is designed to be brief and hopefully readable, but not rigorous.
For later use, let us also compute C. Combining equations (14.60) and (14.61), we have
that [∏
α
(
Qα
Q1
)−Qα/Q1]
C−
∑
αQα/Q1 = q˜+1/Q1
n∏
j=1
exp (+Yjk/Q1) .
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Simplifying, using the Calabi-Yau condition, and solving for C, we find
C = q˜−1/nQ1
[∏
α
Q−Qαα
]1/n n∏
j=1
exp (−Yjk/n) . (14.66)
Next, we shall formally integrate out the Yˆia. It is straightforward to compute that
∂2W
∂Yˆia∂Yˆjb
= δijδab exp
(
−Yˆia
)
exp (−Yik) + δab exp (−Ynk)
n−1∏
ℓ=1
exp
(
+Yˆℓa
)
. (14.67)
To compute the determinant of the resulting matrix of second derivatives, it is useful to
block-diagonalize with blocks of the same a. Each such block takes the form

A+B A A · · ·
A A +B A · · ·
A A A+B · · ·
...

 ,
and the determinant of an n× n block of this form can be shown to be
Bn + nABn−1.
Here, on the critical locus,
A = exp (−Ynk)
n−1∏
ℓ=1
exp
(
+Yˆℓa
)
= (za)
−n+1 exp (−Ynk) , (14.68)
B = exp
(
−Yˆia
)
exp (−Yik) = za exp (−Ynk) , (14.69)
so the determinant of the entire matrix (the product of the determinants of k−1 blocks [44],
each an (n− 1)× (n− 1) matrix) is given by
exp (−(n− 1)(k − 1)Ynk)
k−1∏
a=1
[
zn−2a
(
za + (n− 1)(za)
−n+1
)]
. (14.70)
On the critical locus, we can use equation (14.57), namely zna = 1, to write this as
exp (−(n− 1)(k − 1)Ynk)
k−1∏
a=1
[
z−2a (nza)
]
. (14.71)
This will be a factor appearing in correlation functions, which we will utilize later.
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The superpotential (14.48) becomes
W =
n−1∑
i=1
k−1∑
a=1
za exp (−Yik) +
n∑
i=1
exp (−Yik)
+
k−1∑
a=1
[
exp (−Ynk) (za)
1−n]
+ q˜−1/Q1
(
n∏
i=1
exp (−Yik/Q1)
)(
S∏
α=2
X−Qα/Q1α
)
+
S∑
α=2
Xα. (14.72)
Next, we similarly integrate out the Yα. From the superpotential above, we compute
∂W
∂Yα
= Xα −
Qα
Q1
q˜−1/Q1
(
n∏
i=1
exp (−Yik/Q1)
)(
S∏
γ=2
X−Qγ/Q1γ
)
,
∂2W
∂Yα∂Yβ
= δαβXα +
QαQβ
Q21
q˜−1/Q1
(
n∏
i=1
exp (−Yik/Q1)
)(
S∏
γ=2
X−Qγ/Q1γ
)
.
On the critical locus,
∂2W
∂Yα∂Yβ
= δαβXα +
QαQβ
Q21
C, (14.73)
= C
(
δαβ
Qα
Q1
+
QαQβ
Q21
)
. (14.74)
The determinant of the matrix of second derivatives is then proportional to
CS−1 ∝ q˜−(S−1)/n
n∏
j=1
exp (−Yjk(S − 1)/n) (14.75)
(up to irrelevant constant factors).
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The superpotential (14.72) becomes
W =
n−1∑
i=1
k−1∑
a=1
za exp (−Yik) +
n∑
i=1
exp (−Yik)
+
k−1∑
a=1
[
exp (−Ynk) (za)
n−1]
+ C +
S∑
α=2
QαC
Q1
, (14.76)
=
n∑
i=1
exp (−Yik)
[
1 +
k−1∑
a=1
za
]
+ n q˜−1/n
[∏
α
Q−Qαα
]1/n n∏
j=1
exp (−Yjk/n) . (14.77)
In passing, if we were to identify exp(−Yjk/n) as the fundamental fields, then the ex-
pression above would look like the Landau-Ginzburg mirror of a degree n hypersurface in
Pn−1. That observation glosses over the fact that correlation functions have extra factors
of determinants computed earlier, so we are certainly not claiming that this is the same
as the mirror to a Calabi-Yau hypersurface in Pn−1; nevertheless, the resemblance of the
superpotential above is striking.
Now, let us start collecting factors. From integrating out the Yˆia, we derived a determi-
nant H , and hence a factor of 1/H1−g in correlation functions, for
H ∝ exp (−(n− 1)(k − 1)Ynk) ,
and similarly from integrating out the Xα, we derived a determinant proportional to
n∏
j=1
exp (−Yjk(S − 1)/n) .
On the critical locus, where exp(−Yik) is independent of i, this is an overall factor of 1/H
′1−g
for
H ′ ∝ exp [−Ynk ((n− 1)(k − 1) + (S − 1))] . (14.78)
Finally, from integrating out the Xµν , correlation functions will have a factor of H
′′1−g for
H ′′ =
∑
µ<ν
(σµ − σν)
2 ∝
∑
µ<ν
(
σµ
σk
−
σν
σk
)2
σ2k, (14.79)
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which contributes factors of σ2k = exp(−2Ynk) to our analysis. Putting this together, when
computing correlation functions, and writing everything with the operator mirror map in
terms of σ’s, we get factors of
(
exp (−(k2 − k)Ynk)
exp (− ((n− 1)(k − 1) + (S − 1))Ynk)
)1−g
=
(
1
σnk−n+S−k
2
k
)1−g
, (14.80)
together of course with a factor of
∑
µ<ν
(
σµ
σk
−
σν
σk
)2
=
∑
µ<ν
(zµ − zν)
2 , (14.81)
using the operator mirror map (14.58).
Now, let us collect other factors. From the original zero mode integration measure, we
have factors of ∏
α
Xα =
∏
α
exp (−Yα) .
We eliminated X1 as an independent field earlier, but there is still a factor of exp(−Y1). It
will be simplest to write these using the operator mirror map (14.38) in terms of σ’s:
exp (−Yα) = −Qα
∑
a
σa,
hence the factor in correlation functions from zero mode integrals is
∏
α
(
−Qα
∑
a
σa
)
= (−)S
(∑
a
σa
)S∏
α
QQαα , (14.82)
= (−)SσSk
(∑
a
σa
σk
)S∏
α
QQαα , (14.83)
= (−)SσSk
(∑
a
za
)S∏
α
QQαα , (14.84)
where we have used the mirror map relation (14.58).
Putting all of the factors discussed together, and working at genus zero for simplicity, in
correlation functions we have an overall factor proportional to
(∑
a
za
)S [∑
µ<ν
(zµ − zν)
2
][
k−1∏
a=1
nzn−1a
]
σ
−(k(n−k)−n)
k . (14.85)
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To get a nonzero correlation function, we will want as many factors of σk in the opera-
tors as in the denominator in the expression above. The reader should note that with the
choices of fundamental variables we are using, we are effectively taking the p fields of the
original A model not to have R-charge, hence we are working in an analogue of the V+ model.
One therefore expects that nonzero correlation functions will therefore have operators of the
same dimension as the ambient space (k(n− k)), plus an extra factor of σnk arising from the
obstruction sheaf, so as to reproduce correlation functions on the compact complete inter-
section. This many factors of σk exactly matches the number of factors in the denominator
of the expression above.
Now, let us briefly outline how the computation above should match the expression
in [19][equ’n (8.32)], which gives the corresponding correlation functions in the A model as
〈O〉 =
(∏
α
Qα
)
Res
[∏
µ<ν (zµ − zν)
2
] (∑k
a=1 za
)S
O[∏k−1
a=1 (z
n
a − 1)
] [
1 + (−)k−nq
(∏
αQ
Qα
α
)(∑k
a=1 za
)n] ,(14.86)
up to overall constants. We have already explained the origin of the factors
σ
−(k(n−k)−n)
k .
The factors in the numerator [∏
µ<ν
(zµ − zν)
2
](
k∑
a=1
za
)S
(14.87)
trivially match factors in (14.85). To write the result as a residue, roughly, we would take
our factors and divide by equations for the critical locus, which should define the location
of the poles of the residue. The factor of[
k−1∏
a=1
nzn−1a
]
in (14.85) serves the correctly renormalize factors arising when computing the residue of[
k−1∏
a=1
(zna − 1)
]
.
To summarize, we have checked that the critical loci of the proposed mirror to a GLSM
for a complete intersection in G(k, n) match the poles of residue expressions for correlation
functions in [19][section 8], and we have sketched how the B model correlation functions
should match the A model correlation functions given in [19][section 8].
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15 Conclusions
In this paper we have proposed a mirror construction for two-dimensional A-twisted gauge
theories, addressing an old unsolved issue in the literature. We have explicitly compared our
proposal to results in the literature for Coulomb branch relations and constraints and, when
appropriate, quantum cohomology rings for two-dimensional gauge theories with a variety of
gauge groups, matter representations, and twisted masses, ranging from GLSM descriptions
of Grassmannians to various SO and Sp gauge theories with chiral superfields in vector
representations with twisted masses. We have also tested and refined predictions for pure
SU theories and also tested analogous conjectures for pure SO and Sp theories.
One can imagine several future directions for this work. One direction we wish to highlight
are analogues for nonabelian (0,2) supersymmetric gauge theories, generalizing work on
mirrors to abelian (0,2) supersymmetric gauge theories in [28, 75, 76].
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A Rietsch’s mirror to G(k, n)
In this appendix we will describe Eguchi-Hori-Xiong and Rietsch’s proposed mirror to Grass-
mannians [10–13] in more detail. As mentioned in the text, this is also a Landau-Ginzburg
model with critical loci duplicating, to our knowledge, both correlation functions and quan-
tum cohomology relations, hence we conjecture that it is ‘Seiberg-dual’ to the proposal in
the main text.
There are several different-looking but essentially13 equivalent formulations of this mirror.
Reference [12] in particular lays out the equivalence between various formulations of its
proposal as well as with [10][section 6.3], so for simplicitly we shall focus here on reviewing
just one of the forms in [12].
To compare to [12], we first need to give an alternative description of Plu¨cker coordinates.
13 Some different presentations may also differ in having slightly different (partial) compactifications of the
underlying space of the Landau-Ginzburg model. For our purposes, so long as the critical loci are unchanged
by such compactifications, the low-energy physics should also be unchaged.
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Recall that Plu¨cker coordinates are ‘baryons’ formed in the GLSM for a Grassmannian
G(k, n). The GLSM is a U(k) gauge theory with n fields φi in the fundamental representation
of U(k). The baryons are then
Bi1···ik = φi1a1 · · ·φ
ik
ak
ǫa1···ak .
Mathematically, these give homogeneous coordinates on a projective space of dimension(
n
k
)
− 1,
and so define a projective embedding of the Grassmannian.
These same baryons are in one-to-one correspondence with Young tableaux sitting inside
a k× (n− k) box. Take a decreasing sequence (λ1, · · · , λk) where 0 ≤ λi ≤ n− k for each i,
then (λ1 + k, λ2 + k − 1, · · · , λk + 1) is a decreasing sequence with each entry ≤ n. Identify
i1 = λ1 + k, i2 = λ2 + k − 1, · · · , ik = λk + 1.
In this fashion, we can associate a baryon. (Note that these conventions may yield Young
tableaux which are transposes of those of [12].)
Some examples of the above may be helpful. Consider for example the case k = 2. Then
Young tableaux can be associated to baryon indices as follows:
(i1, i2) Young tableaux
(2, 1) ∅ (λ1 = λ2 = 0)
(3, 2) (λ1 = λ2 = 1)
(4, 3) (λ1 = λ2 = 2)
(3, 1) (λ1 = 1, λ2 = 0)
The special set of Young tableaux corresponding to the sequential set
(i1, · · · , ik) = (i+ k, i+ k − 1, i+ k − 2, · · · , i+ 1)
(with indices interpreted mod n) will be denoted µi, following [12]. For example, for the case
k = 2, n = 4, we have
µ (i1, i2) (λ1, λ2) Young tableau
µ1 (3, 2) (1, 1)
µ2 (4, 3) (2, 2)
µ3 (1, 4) = (4, 1) (2, 0)
µ4 (2, 1) (0, 0) ∅
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Similarly, the Young tableaux corresponding to the sequential set
(i1, · · · , ik) = (i+ k + 1, i+ k − 1, i+ k − 2, · · · , i+ 1)
will be denoted µˆi.
Then, the Landau-Ginzburg mirror to the Grassmannian G(n − k, n) is constructed in
[12] as a Landau-Ginzburg model over (an open14 subset of) G(k, n) with superpotential
[12][equ’n (6.4)]
W =
n∑
i=1
pµˆi
pµi
qδi,n−k =
∑
i 6=n−k
pµˆi
pµi
+ q
pµˆn−k
pµn−k
.
Moreover, if we fix the open set by taking one of the p 6= 0, then the resulting open set is
isomorphic to Ck(n−k) [77][chapter 1.5], as we shall see explicitly in examples below.
A.1 P2
Let us first apply this to the special case of P2, realized in two different ways, to explicitly
verify that we recover the known Toda mirror:
• First, let us construct the mirror Landau-Ginzburg model to G(1, 3). Here, k − 1,
n = 3. We compute
µ i λ Young tableau
µ1 2 1
µ2 3 2
µ3 1 0 ∅
µˆ1 3 2 = µ2
µˆ2 1 0 ∅ = µ3
µˆ3 2 1 = µ1
so the mirror superpotential is given by
W =
pµˆ1
pµ1
+ q
pµˆ2
pµ2
+
pµˆ3
pµ3
,
=
p
p
+ q
p∅
p
+
p
p∅
.
The three Plu¨cker coordinates coincide with homogeneous coordinates on P2, and
P
2 − {p∅ = 0} − {p = 0} − {p } = (C
×)2.
14 So long as our open subset contains all the critical points, we are free to restrict to any convenient open
subset of the original space without changing the B model correlation functions or chiral ring.
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Working in the patch p∅ 6= 0, say, and identifying x = p , y = p /p , then we see
that the mirror superpotential can be written as
W = x+ y +
q
xy
,
matching other expressions for the Toda dual of P2.
• Next, we construct the mirror Landau-Ginzburg model to G(2, 3). Here, k = 2, n = 3.
We compute
µ (i1, i2) (λ1, λ2) Young tableau
µ1 (3, 2) (1, 1)
µ2 (1, 3) = (3, 1) (1, 0)
µ3 (2, 1) (0, 0) ∅
µˆ1 (1, 2) = (2, 1) (0, 0) ∅ = µ3
µˆ2 (2, 3) = (3, 2) (1, 1) = µ1
µˆ3 (3, 1) (1, 0) = µ2
The mirror superpotential is
W = q
pµˆ1
pµ1
+
pµˆ2
pµ2
+
pµˆ3
pµ3
,
= q
p∅
p
+
p
p
+
p
p∅
.
Modulo transposing the Young tableaux, this mirror is identical to that for G(1, 3).
In the mirror to P2 computed above, it happened that each µˆi coincided with µj for some
j. This reflects that fact that k = 1 or n− 1, and does not happen in general.
A.2 G(2, 4)
Consider the Grassmannian G(2, 4). Its mirror is constructed as a Landau-Ginzburg model
over (an open subset of) G(2, 4). We compute
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µ (i1, i2) (λ1, λ2) Young tableau
µ1 (3, 2) (1, 1)
µ2 (4, 3) (2, 2)
µ3 (1, 4) = (4, 1) (2, 0)
µ4 (2, 1) (0, 0) ∅
µˆ1 (4, 2) (2, 1)
µˆ2 (1, 3) = (3, 1) (1, 0)
µˆ3 (2, 4) = (4, 2) (2, 1)
µˆ4 (3, 1) (1, 0)
It has superpotential
W =
pµˆ1
pµ1
+ q
pµˆ2
pµ2
+
pµˆ3
pµ3
+
pµˆ4
pµ4
,
=
p
p
+ q
p
p
+
p
p
+
p
p∅
,
where the p’s are Plu¨cker coordinates associated to Young tableaux, as above, and the open
subset of G(2, 4) is defined by excluding the points where W has poles.
Now, we need to coordinatize G(2, 4). Points of G(2, 4) can be represented by matrices[
a1 a2 a3 a4
b1 b2 b3 b4
]
,
and the Plu¨cker coordinates are the minors determined by columsn of the matrix above. The
open subset {p∅ 6= 0} can be identified with C
4 as matrices of the form[
1 0 a3 a4
0 1 b3 b4
]
.
We now define coordinates on C4 as follows:
x1 ≡ p = pµ1 = −a3 = pµˆ3 ,
x2 ≡ p = pµˆ1 = −a4,
x3 ≡ p = pµˆ4 = +b3 = pµˆ2 ,
x4 ≡ p = pµ3 = b4,
so that
p = pµ2 = a3b4 − a4b3 = −x1x4 + x2x3.
Then, in these variables, the mirror superpotential can be written
W =
x2
x1
+ q
x3
x2x3 − x1x4
+
x2
x4
+ x3.
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A.3 G(2, 5)
Another example of a Landau-Ginzburg mirror to a Grassmannian in [12] is given as follows.
Consider the Grassmannian G(2, 5). Its mirror is constructed as a Landau-Ginzburg model
over (an open subset of) G(3, 5). We compute
µ (i1, i2) (λ1, λ2) Young tableau
µ1 (3, 2) (1, 1)
µ2 (4, 3) (2, 2)
µ3 (5, 4) (3, 3)
µ4 (1, 5) = (5, 1) (3, 0)
µ5 (2, 1) (0, 0) ∅
µˆ1 (4, 2) (2, 1)
µˆ2 (5, 3) (3, 2)
µˆ3 (1, 4) = (4, 1) (2, 0)
µˆ4 (2, 5) = (5, 2) (3, 1)
µˆ5 (3, 1) (1, 0)
It has superpotential
W =
pµˆ1
pµ1
+
pµˆ2
pµ2
+ q
pµˆ3
pµ3
+
pµˆ4
pµ4
+
pµˆ5
pµ5
,
=
p
p
+
p
p
+ q
p
p
+
p
p
+
p
p∅
.
where the p’s are Plu¨cker coordinates associated to Young tableaux, as above, and the open
subset of G(3, 5) is defined by excluding the points where W has poles.
Now, to understand this mirror, we need to understand the intersection of G(3, 5) with
its image in
P
9 − {p∅ = 0} − {p = 0} − {p = 0} − {p = 0} − {p = 0}.
We can study this space as follows15. Let the points of G(2, 5) be represented by the matrix[
a1 a2 a3 a4 a5
b1 b2 b3 b4 b5
]
. (A.1)
Consider five of the homogeneous coordinates on P9 (the image of the Plu¨cker embedding),
corresponding to the minors of the following columns:
(1, 2), (1, 3), (1, 4), (1, 5), (2, 3).
15We would like to thank Z. Lu for explaining this to us.
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(This is not the case we are interested in, but will be instructive to consider.) Restricting to
the locus on which the first minor is nonzero puts (A.1) in the form[
1 0 a3 a4 a5
0 1 b3 b4 b5
]
,
(after a possible U(2) rotation) parametrizing C6. Then, the remaining minors determine
the open sets b3 6= 0, b4 6= 0, b5 6= 0, and a3 6= 0. Thus, in this case, the intersection of
G(3, 5) with the open locus in P9 is (C×)2 × C2.
However, the case we are interested in is different. Specifically, we are interested in the
case that the xi correspond to minors of the following columns:
(1, 2), (2, 3), (3, 4), (4, 5), (5, 1).
Restricting to the locus on which the first minor is nonzero gives the same result as before,
but now requiring the other minors to be nonzero implies
a3 6= 0, a3b4 − a4b3 6= 0, a4b5 − a5b4 6= 0, b5 6= 0.
This describes the complement of two quadrics in C4 × (C×)2. It is not clear whether this
can be further simplified.
Now, to compute correlation functions, we need to compute the critical locus of the
superpotential and the Hessian at those critical loci. To do this, we need to identify the
‘fundamental’ fields over which the path integral sums, in order to take derivatives of the
superpotential with respect to those fields.
To that end, let us identify the p’s as follows:
x1 ≡ p = pµˆ5 = b3,
x2 ≡ p = pµˆ1 = −a4,
x3 ≡ p = pµˆ3 = b4,
x4 ≡ p = pµˆ4 = −a5,
x5 ≡ p = pµ1 = −a3,
x6 ≡ p = pµ4 = b5,
so that
p = pµˆ2 = a3b5 − a5b3 = −x5x6 + x4x1,
p = pµ2 = a3b4 − a4b3 = −x5x3 + x2x1,
p = pµ3 = a4b5 − b4a5 = −x2x6 + x3x4.
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Then, in these variables, the mirror superpotential can be written
W =
x2
x5
+
x4x1 − x5x6
x1x2 − x3x5
+ q
x3
x3x4 − x2x6
+
x4
x6
+ x1.
It is straightforward to check that the critical locus of the superpotential above is ten points,
exactly right to match A model results as the Euler characteristic is(
5
2
)
= 10.
B Notes on mirrors to fields with R charges
In this section we will outline, at a formal level, how fields in the A-twisted theory with
nonzero R charges modify the mirror, as outlined in the proposal of the previous section.
To understand this, let us first consider the action of T-duality on a complex scalar field
φ = ρ exp(iϕ), closely following [1][section 3.1]. If we take φ to have charge Q under a gauged
U(1) with gauge field Aµ, and also couple it to a background (classical) U(1)R gauge field
ARµ , giving it U(1)R charge q, then the bosonic kinetic term would have the form
16
Lϕ = −ρ
2
(
∂µϕ+ qA
R
µ +QAµ
)2
. (B.1)
Following the same procedure as in [1][section 3.1], we then introduce a vector field Bµ and
define the new Lagrangian
L′ = −
1
4ρ2
BµB
µ + ǫµνBµ
(
∂νϕ+ qA
R
ν +QAµ
)
. (B.2)
Integrating out Bµ returns Lϕ. If instead we integrate out ϕ, we get the constraint that
Bµ = ∂µθ for some θ and the new Lagrangian
Lθ = −
1
4ρ2
∂µθ∂
µθ − qθǫµν
1
2
FRµν − Qθǫ
µν 1
2
Fµν , (B.3)
16 The coupling we are describing is different from the coupling to a U(1)R that occurs when one takes
worldsheet curvature corrections into account. For example, to define a (2,2) rigidly supersymmetric chiral
multiplet on S2 with a worldsheet superpotential, one must also specify a Killing vector X on the target
space, interpreted as the action of U(1)R, under which the superpotential has charge 2. Curved-space
supersymmetry then requires that one add couplings such as, for example,
−
1
4r2
giX
iX +
i
4r2
KiX
i −
i
4r2
KıX
ı,
where we have assumed a round metric on S2, of radius r. (See e.g. [78] and references therein.) In the
expression above, we are doing something different – we are not adding curvature corrections, but rather we
are coupling to a background gauge field for U(1)R.
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where, since in the topological field theory, ARµ equals the spin connection, so F
R
µν should
be the worldsheet curvature. For simplicity, here we will merely take FRµν to be 1/2ǫµν , for
simplicity. Following [1][section 3.1], in the supersymmetrization, the bosonic term
−Qθǫµν
1
2
Fµν
becomes a term QY Σ in the mirror superpotential, where Y is the supersymmetrization of θ
and Σ is the adjoint-valued superfield associated with the vector multiplet. Here, by analogy,
one would expect the supersymmetrization of the term
−qθǫµν
1
2
FRµν
to become a term (q/2)Y in the mirror superpotential (utilizing our assumption about FRµν).
Following the pattern of [14], if we write the mirror B model partition function schemat-
ically in the form17
Z =
∫
d2Y exp(−4πirW (Y ) + 4πirW (Y )) (B.4)
(where the integral over Y is an ordinary integral, not a path integral), then as described
in [14][section 4.3], formally, adding a term
1
4πir
q
2
Y (B.5)
to the superpotential is equivalent to modifying the integral over bosonic zero modes:
Z =
∫
d2Y e−(q/2)Y e−(q/2)Y exp(−4πirW + 4πirW ), (B.6)
∝
∫
d2X exp(−4πirW (X) + 4πirW (X)), (B.7)
where X ≡ exp(−(q/2)Y ). In effect, so far as the B model is concerned, adding the
term (B.5) to the superpotential is consistent with changing the fundamental field from
Y to X = exp(−(q/2)Y ). (The reader should note that this chain of reasoning is only
possible because the integral above is an ordinary integral, not a path integral. The same
17 To clarify, this is the form of the partition function for a theory of twisted chiral superfields with
(twisted) superpotential on worldsheet S2. The path integral over nonzero modes has been folded into a
suppressed constant; shown is the integral over bosonic zero modes and the contribution from the remaining
bosonic superpotential terms. As discussed in e.g. [78], for a twisted chiral superfield, the only curvature
terms are of the form iW/r− iW/r, for W the superpotential and r the radius of S2. Restricting to constant
bosonic modes, ∫
S2
d2z i
W
r
= (area of S2)(i)
W
r
= (4pir2)(i)
W
r
= 4piirW,
hence the weighting shown.
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reasoning in a path integral would, on its face, be more suspect, as for example the exponen-
tials would become nontrivial composite operators. We use this argument here only because
the B model localizes onto constant maps.)
Later in this paper we will occasionally use this style of argument to outline motivations
for changing fundamental fields.
Next, let us turn to the dependence of the A-twisted theory on R charges. If there is a
superpotential, the R charge of the superpotential must add up to two. Other constraints
also exist. For example, we have already observed that the A-twist requires R charges to be
integral. For another example, it was observed in [36][section 3.4] that positive-definiteness
of the potential in the Lagrangian density requires every R-charge ri obey 0 ≤ ri ≤ 2.
Let us assume we have multiple possible R-charges obeying the constraints above. (As
a practical matter, this is only likely in an untwisted theory, so our comments here can be
read as formal observations on physical theories.) Let us also assume that we have a nonzero
superpotential, describing a Calabi-Yau geometry, and vanishing twisted masses. In such
cases, there is a formal argument that the closed18 string A model is independent of the
(consistent) choices of R charges, at least for fields appearing in the superpotential. We will
outline one argument below in an example. (The following argument is only intended to be
suggestive, not in any sense rigorous in detail. We also emphasize that the claim is only for
closed string theories, and the argument given would only make sense for topological field
theories.)
Consider the special case of the GLSM for the quintic hypersurface in P4. The A-twisted
theory is a U(1) gauge theory with matter
• five chiral superfields φi of charge 1, corresponding to homogeneous coordinates on P
4,
• one chiral superfield p of charge −5,
and superpotential
W = pG(φ), (B.8)
where G(φ) is a homogeneous polynomial of degree five, corresponding to the quintic hyper-
surface.
Suppose each φi is assigned R-charge r, and p, R-charge 2 − 5r. Setting aside questions
of orbifolds, we claim that the mirror is formally independent of r.
18 In the open string A model, R charges appear in defining the matrix factorization data, see e.g.
[36][section 3.4], so this statement is less clear. We restrict to closed strings here.
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From [1, 67], the mirror is a Landau-Ginzburg orbifold with superpotential
W = σ
(∑
i
Yi − 5Yp + t
)
+
∑
i
exp(−Yi) + exp(−Yp), (B.9)
and where the fundamental fields are
exp (−(r/2)Yi) , exp (−((2− 5r)/2)Yp) .
Now, proceeding as usual, we integrate out σ to get a constraint on Yp:
Yp =
1
5
∑
i
Yi + t/5. (B.10)
Now, let us formally plug this into the integration over the bosonic integrals over zero
modes (meaning, constant maps, since we are in the B model):
∫ (∏
i
d2 exp(−(r/2)Yi)
)
d2 exp(−((2− 5r)/2)Yp) δ
(
Yp − (1/5)
∑
i
Yi + t/5
)
∝
∫ (∏
i
d2Yi exp(−(r/2)Yi)
)
d2Yp exp(−((2− 5r)/2)Yp)
δ
(
Yp − (1/5)
∑
i
Yi + t/5
)
, (B.11)
∝
∫ (∏
i
dYie
−(r/2)Yi
)
exp
(
−
2− 5r
2
(
1
5
∑
i
Yi + t/5
))
(B.12)
∝
∫ ∏
i
dYi exp
(
−
5r + 2− 5r
10
Yi
)
(B.13)
=
∫ ∏
i
dYi exp
(
−
1
5
Yi
)
(B.14)
∝
∫ ∏
i
d exp
(
−
1
5
Yi
)
, (B.15)
which hints that the fundamental field is xi ≡ exp(−Yi/5). (In principle, there would
also be a Z5 orbifold associated with each xi, but as our discussion here is meant to be a
formal outline, not a rigorous argument, we shall largely gloss over that detail.) Now, to be
convincing, one would need to repeat this discussion in full path integrals, not just the zero
mode piece, but as the B model localizes on constant maps, the hints above are suggestive.
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In the new variables, the Landau-Ginzburg orbifold has superpotential
W =
∑
i
x5i + q
−1/5x1x2x3x4x5, (B.16)
independent of r, as advertised. In addition, this is the same result for the Hori-Vafa quintic
mirror as obtained in [67]. In passing, in computations of Gromov-Witten invariants in [79],
results were independent of R-charges chosen (within a fixed range).
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